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F4  x1(1)x2(1)x3(1)x4(1)
F4(a1)  x1(1)x2(1)x6(1)x7(1)
F4(a2) 2 x4(1)x7(1)x5(1)x9(1)
= 2 x4(1)x2(1)x8(1)x9(1)
F4(a3)  x2(1)x5(1)x9(1)x18(1)
(C3(a1))2 2 x2(1)x4(1)x9(1)x20(1)
(A˜2A1)2 2 x1(1)x3(1)x4(1)x16(1)
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E6  x1(1)x2(1)x3(1)x4(1)x5(1)x6(1)
E6(a1)  x1(1)x2(1)x9(1)x10(1)x5(1)x6(1)
E6(a3) 2 x1(1)x8(1)x9(1)x11(1)x14(1)x19(1)
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E7(a1) 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E8  x1(1)x2(1)x3(1)x4(1)x5(1)x6(1)x7(1)x8(1)
E8(a1)  x1(1)x2(1)x10(1)x11(1)x5(1)x6(1)x7(1)x8(1)
E8(a2)  x1(1)x2(1)x3(1)x10(1)x12(1)x13(1)x14(1)x8(1)
E8(a3) 2 x7(1)x8(1)x9(1)x10(1)x11(1)x12(1)x13(1)x19(1)
= 2 x1(1)x4(1)x6(1)x7(1)x8(1)x17(1)x18(1)x19(1)
E8(a4) 2 x9(1)x10(1)x11(1)x12(1)x13(1)x14(1)x15(1)x19(1)
= 2 x1(1)x4(1)x6(1)x8(1)x17(1)x18(1)x19(1)x21(1)
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= 2 x1(1)x12(1)x14(1)x15(1)x17(1)x21(1)x26(1)x27(1)
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= 3 x4(1)x7(1)x18(1)x19(1)x23(1)x29(1)x31(1)x33(1)
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3 x4(1)x17(1)x12(1)x29(1)x30(1)x31(1)x34(1)x35(1)
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(A7)3 3 x1(1)x3(1)x4(1)x5(1)x6(1)x7(1)x8(1)x67(1)
(D7(a1))2 2 x2(1)x3(1)x10(1)x12(1)x6(1)x7(1)x8(1)x83(1)
(D5A2)2 2 x1(1)x2(1)x3(1)x4(1)x5(1)x7(1)x8(1)x51(1)
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 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
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∏ki+di−2
j=ki
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 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  
 Al 
ﬁ   l ≥ 1   1 ≤ d1 ≤ · · · ≤ dt 
∑t
i=1 di = l + 1 
k1 = 1  ki = 1 +
∑i−1
j=1 dj  1 < i ≤ t ﬁ
ui =
{
1,  di = 1∏ki+di−2
j=ki
xαj (1),  di > 1.
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  	
	
  	    
  u = u1 · · ·ut    	
   G   [d1, . . . , dt]
    Cl l ≥ 1
α α =
∑l
k=1 ckαi
εi − εj  1 ≤ i < j ≤ l
∑
i≤k≤j−1 αk
εi + εj  1 ≤ i < j ≤ l
∑
i≤k≤j−1 αk +
∑
j≤k≤l−1 2αk + αl
2εi 1 ≤ i ≤ l
∑
i≤k≤l−1 2αk + αl
 	
  Cl    α ∈ Φ+     Δ

 e1, . . . , el, e−l, . . . , e−1         VC   VZ
  Z    
  ﬁ     
  (−,−)  VC   (ei, e−i) = 1 = −(e−i, ei)  (ei, ej) = 0
 i = −j
  sp(VC)          
X  VC  (Xv,w) + (v,Xw) = 0   v, w ∈ VC
  sp(VC)  
      Cl
  h   ! "    
    sp(VC)
  h = {diag(h1, . . . , hl,−hl, . . . ,−h1) : hi ∈ C}

# 1 ≤ i ≤ l ﬁ  εi : h → C  εi(h) = hi $ h     
$    (h1, . . . , hl,−hl, . . . ,−h1)
 %$ Φ = {±(εi ± εj) : 1 ≤ i <
j ≤ l} ∪ {±2εi : 1 ≤ i ≤ l}      sp(VC)  Φ+ = {εi ± εj :
1 ≤ i < j ≤ l} ∪ {2εi : 1 ≤ i ≤ l}      
   Δ  Φ
  Φ+  Δ = {α1, . . . , αl} $ αi = εi − εi+1  1 ≤ i < l 
αl = 2εl
        α ∈ Φ+    Δ   	


#  i, j  Ei,j      VC "  Ei,j(ej) = ei
 Ei,j(ek) = 0  k = j
   !   sp(VC) $ 
""        
Xεi−εj = Ei,j − E−j,−i   i = j,
Xεi+εj = Ej,−i + Ei,−j   i = j,
X−(εi+εj) = E−j,i + E−i,j   i = j,
X2εi = Ei,−i   i,
X−2εi = E−i,i   i.
%  VZ   UZ   VC
  ﬁ V = VZ ⊗Z K
 %$
(−,−)           V   $ 
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 $ "
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  V  	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  	
 G = Sp(V )    
 V → V 
 (−,−)
, "   $    (ei ⊗ 1)  V $ (ei)
  u ∈ G
  " 

-" ﬁ  p = 2
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 . 	
 
/  0"    u 
G  "1"  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V ↓ K[u] =
t⊕
i=1
2 · Vci ⊕
s⊕
j=1
V2dj ,
 1 ≤ c1 ≤ · · · ≤ ct 	  	 1 ≤ d1 ≤ · · · ≤ ds 	
∑t
i=1 ci+
∑s
j=1 dj = l
 
 p = 2  
   !
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
V ↓ K[u] = W (c1) + · · ·+W (ct) + V (2d1) + · · ·+ V (2ds)

 	 
	 
   K[u]$  1 ≤ c1 ≤ · · · ≤ ct 1 ≤
d1 ≤ · · · ≤ ds 	 	 V (2k)  	
 
 
 	 	 	 %	

di+2 > di  	 i &
  u 	
  W (ci) 
 
 '	 ( 
) ci 	  V (2dj) 
 	  '	 (  ) 2dj   	%
∑t
i=1 ci +∑s
j=1 dj = l
*
 p 		  	
	 	 
 (ci) 	 (dj)  
 
  

 		
 
 V ↓ K[u] 	 	% +ﬁ ct+i = di  	 1 ≤ i ≤ s
-
 k1 = 1 	 ki = 1+ c1 + · · ·+ ci−1  1 < i ≤ t+ s & 	 1 ≤ i ≤ t+ s 

Vi  
 	  V 	  Bi = {e±j : ki ≤ j ≤ ki + ci − 1} . V 
	 
	 
  V = V1 ⊕ · · · ⊕ Vt+s   	% 	 	
	 
 Sp(V1)× · · · × Sp(Vt+s) < G  Sp(Vi)  
   	 g ∈ G
 
	
 g(Vi) = Vi 	 gej = ej  	 ej ∈ Bi
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  (ci) 	 (dj)  %  u1 · · ·ut+s  ui ∈ Sp(Vi) 	  	%

 /
0   1 ≤ i ≤ t 
 ui 	
  Vi 
 
 '	 (  ) ci &

 p = 2 
 Vi ↓ K[ui] = W (ci)
"   t+1 ≤ i ≤ t+ s 
 ui 	
  Vi 
 	  '	 (  ) 2di
.
 
	
  *	 "1 
  Sp(Vi)  	 
  
Sp(V ) 
 
 
 Φi = {±(εj ± εj′) : ki ≤ j < j′ ≤ ki + ci − 1} ∪ {±2εj :
ki ≤ j ≤ ki + ci − 1}  
 Cci  &
 
 
 
 Φi 	 	 	
Δi = {αj : ki ≤ j ≤ ki + ci − 2} ∪ {2εki+ci−1}
& 1 ≤ i ≤ t  ci = 1 
  	 
	
 0  	
ﬁ  ui = 1 - 


	
 ci > 1 . 
  	   
 
 	 
	
 ui =
∏ki+ci−2
j=ki
xαj (1)
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  	   G = Sp(V )   		
   
 Cl  ﬁ 
 l ≥ 2  u = xα1(1) · · ·xαl−1(1)  u   V    	
  l    p = 2   V ↓ K[u] = W (l)
! .  *	 "0 
 
 u  	 	 

 
  	
*% 	
 L ∼= SLl(K)  
 Al−1 & p = 2 
    2*-0" 304 
	
 
	% V ↓ K[u] = W (l) 	 
- 
 
	
 p = 2 5 
  2*-0" !  	  34  	%
V ↓ L ∼= W ⊕W ∗  W  
 	
	   L .  !
 "  
 	 	 

 
  L 	
  W  	  W ∗ 
 	 
'	 (  ) l  
 	 
  	

  	
	
  	    
	
 	 t+1 ≤ i ≤ t+s   
 
     

     ﬁ	 	 	 	 ui  	  
	
 	 			
 Sp(Vi)   ! "	 #$% &   ﬁ	 	 	 & ui =
x2εki+ci−1(1)  ci = 1%  ui =
∏ki+ci−2
j=ki
xαj (1) · x2εki+ci−1(1)  ci > 1
    		
% 	 	 	   	 & 	&
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			 
 	 	 &	  G
    !	 C p = 2    p = 2	 
 G = Sp(V )  
    Cl  ﬁ   l ≥ 1	 
 1 ≤ c1 ≤ · · · ≤ ct
   1 ≤ d1 ≤ · · · ≤ ds 
∑t
i=1 ci +
∑s
j=1 dj = l	  ct+i = di  
1 ≤ i ≤ s  ﬁ k1 = 1  ki = 1 + c1 + · · ·+ ci−1  1 < i ≤ s	 ﬁ
ui =
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
1,  1 ≤ i ≤ t  ci = 1,∏ki+ci−2
j=ki
xαj (1),  1 ≤ i ≤ t  ci > 1,
x2εki+ci−1(1),  t+ 1 ≤ i ≤ t+ s  ci = 1,∏ki+ci−2
j=ki
xαj (1) · x2εki+ci−1(1),  t+ 1 ≤ i ≤ t+ s  ci > 1.
 u = u1 · · ·ut+s       G    
 V ↓ K[u] =
t⊕
i=1
2 · Vci ⊕
s⊕
j=1
V2dj 	
    !	 C p = 2    p = 2	 
 G = Sp(V )  
    Cl  ﬁ   l ≥ 1	 
 1 ≤ c1 ≤ · · · ≤ ct
 1 ≤ d1 ≤ · · · ≤ ds  di+2 > di   i 
∑t
i=1 ci +
∑s
j=1 dj = l	 
ct+i = di   1 ≤ i ≤ s  ﬁ k1 = 1  ki = 1 + c1 + · · · + ci−1 
1 < i ≤ s	 ﬁ
ui =
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
1,  1 ≤ i ≤ t  ci = 1,∏ki+ci−2
j=ki
xαj (1),  1 ≤ i ≤ t  ci > 1,
x2εki+ci−1(1),  t+ 1 ≤ i ≤ t+ s  ci = 1,∏ki+ci−2
j=ki
xαj (1) · x2εki+ci−1(1),  t+ 1 ≤ i ≤ t+ s  ci > 1.
 u = u1 · · ·ut+s       G    
 V ↓ K[u] = W (c1) + · · ·+W (ct) + V (2d1) + · · ·+ V (2ds)	
   Dl	 l ≥ 2
α α =
∑l
k=1 ckαi
εi − εj % 1 ≤ i < j ≤ l
∑
i≤k≤j−1 αk
εi + εj % 1 ≤ i < j ≤ l − 1
∑
i≤k≤j−1 αk +
∑
j≤k≤l−2 2αk + αl−1 + αl
εi + εl% 1 ≤ i ≤ l − 1
∑
i≤k≤l−2 αk + αl
 	 '(  !	 Dl% 	)
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 α ∈ Φ+  	
  	 Δ
"	 e1, . . . , el, e−l, . . . , e−1 	   
  &	) 	&
 &	 VC%  	 VZ 	
	 Z*&	 	 !   +	 	  *			
	 !	
& 	

    	
 (−,−)  VC 	ﬁ	  (ei, e−i) = 1 = (e−i, ei)  (ei, ej) = 0  i =
−j 	 so(VC) 	 	 	 	 	  	 	 	 X  VC
 (Xv,w) + (v,Xw) = 0   v, w ∈ VC 	 so(VC)   		
	 	  	 Dl 	  		 	 D2  	 	  	 A1 ×A1 
D3  	 	  	 A3
	 h 	 	  	 	  	  	  so(VC)
	 h = {diag(h1, . . . , hl,−hl, . . . ,−h1) : hi ∈ C}  1 ≤ i ≤ l 	ﬁ	 
εi : h → C  εi(h) = hi 		 h       		
(h1, . . . , hl,−hl, . . . ,−h1)  Φ = {±(εi ± εj) : 1 ≤ i < j ≤ l}  	 
	  so(VC)  Φ
+ = {εi ± εj : 1 ≤ i < j ≤ l}   	   	
 !		 	 	 Δ  Φ 	  Φ+  Δ = {α1, . . . , αl} 		
αi = εi − εi+1  1 ≤ i < l  αl = εl−1 + εl "	  	 	 		  
α ∈ Φ+  	  Δ  	 #$
% 		   i, j 	 Ei,j 	 	 	 	  VC  
Ei,j(ej) = ei  Ei,j(ek) = 0  k = j 	  	 	   so(VC) 
 	 	   		    	 
Xεi−εj = Ei,j − E−j,−i   i = j,
Xεi+εj = Ej,−i − Ei,−j  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V ↓ K[u] =
t⊕
i=1
2 · Vci ⊕
t+s⊕
j=t+1
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V2dj+1 ⊕ V2d′j+1
)
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V ↓ K[u] =
t⊕
i=1
W (ci)⊕
t+s⊕
j=t+1
(
V (2dj) + V (2d
′
j)
)
 1 ≤ c1 ≤ · · · ≤ ct
  1 ≤ dt+1 ≤ d′t+1 ≤ · · · ≤ dt+s ≤ d′t+s
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 p = 2 . k1 = 1  ki = 1+c1+· · ·+ci−1
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 ui =
∏ki+ci−2
j=ki
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 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
v′i =
ki+ci−2∏
j=ki+di
xαj (1) · xεki+ci−2+εki+ci−1(−1).
  	    p = 2	 
 G = SO(V )   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x±αi(c) c ∈ K  1 ≤ i ≤ e− 1,
xεe−εl(c)xεe+εl(c) c ∈ K,
x−εe+εl(c)x−εe−εl(c) c ∈ K.
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x±αi(c) c ∈ K  e+ 1 ≤ i ≤ l − 2,
xαl−1(c)xαl(−c) c ∈ K,
x−αl−1(c)x−αl(−c) c ∈ K.
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e1 → e1
(2 ≤ i ≤ e) ei → ei + ei−1 + · · ·+ e1
(1 ≤ i ≤ e− 1) e−i → e−i + e−(i+1)
e−e → el + e−l + e−e + ee + ee−1 + · · ·+ e1
ee+1 → ee+1
(e+ 2 ≤ i ≤ l − 1) ei → ei + ei−1 + · · ·+ ee+1
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(e+ 1 ≤ i ≤ l − 2) e−i → e−i + e−(i+1)
e−(l−1) → e−(l−1) + e−l + ee + ee−1 + · · ·+ e1
e−l → e−l + ee + ee−1 + · · ·+ e1
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 

 l ≥ 2 
 1 < c1 ≤ · · · ≤ ct 



 
 0 ≤ dt+1 ≤ d′t+1 ≤ · · · ≤ dt+s ≤ d′t+s  
∑t
i=1 ci+
∑t+s
j=t+1(dj+d
′
j+
1) = l 
 ci = di+d
′
i+1  t+1 ≤ i ≤ t+s 
 k1 = 1  ki = 1+c1+· · ·+ci−1
 1 < i ≤ t+ s  t+ 1 ≤ i ≤ t+ s  di, d′i > 0 

vi =
ki+di−2∏
j=ki
xαj (1) · xεki+di−1−εki+ci−1(1) · xεki+di−1+εki+ci−1(1).
  t+ 1 ≤ i ≤ t+ s  d′i > 0 

v′i =
ki+ci−2∏
j=ki+di
xαj (1) · xεki+ci−2+εki+ci−1(−1).
     	
 ﬁ
ui =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∏ki+ci−2
j=ki
xαj (1),  1 ≤ i ≤ t.
1,  t+ 1 ≤ i ≤ t+ s  di = d′i = 0.
v′i,  t+ 1 ≤ i ≤ t+ s  di = 0, d′i > 0.
viv
′
i  t+ 1 ≤ i ≤ t+ s  di, d′i > 0.
	
 u = u1 · · ·ut+s ﬁ V ↓ K[u] =
t⊕
i=1
2 · Vci ⊕
t+s⊕
j=t+1
(
V2dj+1 ⊕ V2d′j+1
)

    D p = 2  
 p = 2  G = SO(V )  

    Dl  ﬁ  
 l ≥ 2  1 ≤ c1 ≤ · · · ≤ ct
 1 ≤ dt+1 ≤ d′t+1 ≤ · · · ≤ dt+s ≤ d′t+s 
 

∑t
i=1 ci+
∑t+s
j=t+1(dj+d
′
j) = l
 ci = di + d
′
i  t + 1 ≤ i ≤ t + s  k1 = 1  ki = 1 + c1 + · · · + ci−1 
1 < i ≤ t+ s  t+ 1 ≤ i ≤ t+ s 
 di > 1 
vi =
ki+d
′
i−2∏
j=ki
xαj (1) · xεki+d′i−1−εki+ci−1(1) · xεki+d′i−1+εki+ci−1(1).
  t+ 1 ≤ i ≤ t+ s 
 d′i > 1 
v′i =
ki+ci−2∏
j=ki+d′i
xαj (1).
 ﬁ
ui =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1,  1 ≤ i ≤ t  ci = 1.∏ki+ci−2
j=ki
xαj (1),  1 ≤ i ≤ t  ci > 1.
v′i,  t+ 1 ≤ i ≤ t+ s  di = 1.
viv
′
i,  t+ 1 ≤ i ≤ t+ s  di > 1.
	
 u = u1 · · ·ut+s ﬁ V ↓ K[u] =
t⊕
i=1
W (ci)⊕
t+s⊕
j=t+1
(
V (2dj) + V (2d
′
j)
)
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  	  D  
  G = SO(V )   
  
 Dl  ﬁ  
 l ≥ 2  1 < c1 ≤ · · · ≤ ct  
 
 ci  
  i 
∑l
i=1 ci = l  k1 = 1  ki = 1 + c1 + · · · + ci−1  1 < i ≤ t
  1 ≤ i ≤ t ﬁ ui =
∏ki+ci−2
j=ki
xαj (1)  u
′
t = xαl(1)  ct = 2 
u′t =
∏kt+ct−3
j=kt
xαj (1)xαl(1)  ct > 2 	
 
 ! p = 2 
   u1 · · ·ut−1ut  u1 · · ·ut−1u′t  "
  
      u 
 V ↓ K[u] =⊕t
i=1 2 · Vci 
 ! p = 2 
   u1 · · ·ut−1ut  u1 · · ·ut−1u′t  "
  
      u 
 V ↓ K[u] =⊕t
i=1W (ci)
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 u = u1 · · ·ut   V ↓ K[u] =
⊕t
i=1 2 · Vci  p = 2  V ↓ K[u] =⊕t
i=1W (ci)  p = 2 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 Δ        τ(xαi(1)) =
xαi(1)  1 ≤ i ≤ l − 2  τ(xαl−1(1)) = xαl(1) τ(xαl(1)) = xαl−1(1)  
τ(u) = u1 · · ·ut−1u′t    	
 

   !
   Bl	 l ≥ 2 
p = 2
"  p = 2  Φ   
     Cl  
 G  

 		 #

   K        

  Φ∨ 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    α ∈ Φ "	 p = 2  

  %"!
  &      f : G → G∨  
	  
f(xα(c)) =
{
xα∨(c)  α   
 
xα∨(c
2)  α    
 

 α ∈ Φ  c ∈ K
'  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 f ﬁ  +	   
	+	 	
  G  G∨   Δ     Φ  Δ∨ =
{α∨ : α ∈ Δ}     Φ∨  (Φ∨)+ = {α∨ : α ∈ Φ+}     
        ﬁ 
∏
α∈(Φ∨)+ xα∨(cα∨)
  	+	 	
  G∨  
   Bl	 l ≥ 1 
p = 2
α α =
∑l
k=1 ckαi
εi − εj  1 ≤ i < j ≤ l
∑
i≤k≤j−1 αk
εi + εj  1 ≤ i < j ≤ l
∑
i≤k≤j−1 αk +
∑
j≤k≤l 2αk
εi 1 ≤ i ≤ l
∑
i≤k≤l αk
 
 ,   Bl -   α ∈ Φ+     Δ
.  p = 2  e1, . . . , el, e0, e−l, . . . , e−1      	
- 	
	 VC  
 VZ   Z/
	     0   /
 	 
  (−,−)  VC ﬁ  (ei, e−i) = 1 =
(e−i, ei)  (e0, e0) = 2  (ei, ej) = 0  i = −j  so(VC)    

   
  X  VC  (Xv,w) + (v,Xw) = 0
 

 v, w ∈ VC   so(VC)   
  
   Bl  h 
 # 
    
 	  so(VC)   h =
{diag(h1, . . . , hl, 0,−hl, . . . ,−h1) : hi ∈ C}  1 ≤ i ≤ l ﬁ  εi : h → C
 εi(h) = hi  h = diag(h1, . . . , hl, 0,−hl, . . . ,−h1) ' Φ = {±(εi ±
εj) : 1 ≤ i < j ≤ l} ∪ {±εi : 1 ≤ i ≤ l}      so(VC) 
Φ+ = {εi ± εj : 1 ≤ i < j ≤ l} ∪ {εi : 1 ≤ i ≤ l}        
 Δ  Φ 	  Φ+  Δ = {α1, . . . , αl}  αi = εi − εi+1 
    	
1 ≤ i < l  αl = εl  	
  
   α ∈ Φ+ 
   Δ 

 
    i, j  Ei,j   
 
  VC  
Ei,j(ej) = ei  Ei,j(ek) = 0  k = j    
  so(VC)  



  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  
 
 
 	
 
Xεi−εj = Ei,j − E−j,−i   i = j,
Xεi+εj = Ej,−i − Ei,−j   i < j,
X−(εi+εj) = E−i,j − E−j,i   i < j,
Xεi = 2Ei,0 − E0,−i   i,
X−εi = E0,i − 2E−i,0   i.
! VZ 
  UZ"

 
 
 VC  ﬁ V = VZ⊗ZK !  (−,−)
 ﬁ  "	 
   V        
	

   $%&'( ()*    	
   Bl   V  
  	
 G = SO(V )  
 
  V → V  
 1 


 (−,−)
+   
   

  
 (ei⊗1)  V  
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 u ∈ G 
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
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 p = 2  .
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 dimV 
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
V ↓ K[u] =
t⊕
i=1
2 · Vci ⊕
s⊕
j=1
(
V2dj+1 ⊕ V2d′j+1
)
⊕ V2ds+1+1,
  1 ≤ c1 ≤ · · · ≤ ct    0 ≤ d1 ≤ d′1 ≤ · · · ≤ ds ≤ d′s ≤ ds+1 ∑t
i=1 ci +
∑s
j=1(dj + d
′
j + 1) + ds+1 = l
! W1     V   B1 = {e±j : 1 ≤ j ≤ l−ds+1} 
 W2     V   B2 = {e±j : l− ds+1 +1 ≤ j ≤ l} ∪ {e0}
   	 
  V = W1⊕W2   
   
	 SO(W1)×SO(W2) < SO(V )   SO(Wi) 
  	   g ∈ G
  g(Wi) = Wi  gej = ej   ej ∈ Bi
7      
   
  
 
 $
 * 2 (ci) (dj)  (d
′
j) 
 	
  u = u1u2  
u1 ∈ SO(W1) 
W1 ↓ K[u1] =
t⊕
i=1
2 · Vci ⊕
s⊕
j=1
(
V2dj+1 ⊕ V2d′j+1
)
,
   u2 ∈ SO(W2)  u2   W2  
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2ds+1 + 1
6 ﬁ
	 u1  ﬁ  
 dimW1 ≤ 2      u1 = 1
-   dimW1 > 2   
 dimW1 = 2k  
 
  2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
 , 0/  SO(W1) 
  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 Dk  
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 {±(εi ± εj) : 1 ≤ i < j ≤ k} 	
   
   {εi − εi+1 : 1 ≤
i ≤ k− 1} ∪ {εk−1 + εk} 
     {εi ± εj : 1 ≤ i < j ≤ k} 
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 ﬁ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 ﬁ u2 " ds+1 = 0 
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 u2 = 1 #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 
 ds+1 > 0 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 SO(W2)    &  G 
   {±(εi ± εj) :
l − ds+1 + 1 ≤ i < j ≤ l} ∪ {±εi : l − ds+1 + 1 ≤ i ≤ l}    {αi :
l − ds+1 + 1 ≤ i ≤ l} "   ' ((   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 
 u2 =
∏l
j=l−ds+1+1 xαj (1)
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α = αi α =
∑4
i=1 kiαi α = εi ± εj
α1 α1 ε1 − ε2
α2 α2 ε2 − ε3
α3 α3 ε3 − ε4
α4 α4 ε3 + ε4
α5 α1 + α2 ε1 − ε3
α6 α2 + α3 ε2 − ε4
α7 α2 + α4 ε2 + ε4
α8 α1 + α2 + α3 ε1 − ε4
α9 α1 + α2 + α4 ε1 + ε4
α10 α2 + α3 + α4 ε2 + ε3
α11 α1 + α2 + α3 + α4 ε1 + ε3
α12 α1 + 2α2 + α3 + α4 ε1 + ε2
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V (2) + V (6) xα1(1)xα2(1)xα3(1)xα4(1)
V (4)2 xα1(1)xε2−ε4(1)xε2+ε4(1)xα3(1)
W (4)′ xα1(1)xα2(1)xα3(1)
W (4)′′ xα1(1)xα2(1)xα4(1)
W (1) + V (2) + V (4) xα1(1)xα2(1)xε2+ε3(1)
W (1) +W (3) xα1(1)xα2(1)
W (2) + V (2)2 xα1(1)xε1+ε2(1)xα3(1)
(W (2)2)′ xα1(1)xα3(1)
(W (2)2)′′ xα1(1)xα4(1)
V (2)2 +W (1)2 xα1(1)xε1+ε2(1)
W (2) +W (1)2 xα1(1)
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[1, 7] xα1(1)xα2(1)xα3(1)xα4(1)
[3, 5] xα1(1)xε2−ε4(1)xε2+ε4(1)xα3(1)xα4(−1)
[13, 5] xα1(1)xε2−ε4(1)xε2+ε4(1)
[42]′ xα1(1)xα2(1)xα3(1)
[42]′′ xα1(1)xα2(1)xα4(1)
[12, 32] xα1(1)xα2(1)
[1, 22, 3] xα1(1)xε1+ε2(1)xα3(1)
[15, 3] xα1(1)xε1+ε2(1)
[24]′ xα1(1)xα3(1)
[24]′′ xα1(1)xα4(1)
[14, 22] xα1(1)
	  				  	 
	  G = D4 	 p = 2
	 
  u 	 
  σ(u)
V (2) + V (6) V (2) + V (6)
V (4)2 V (4)2
W (4)′ W (1) + V (2) + V (4)
W (4)′′ W (4)′
W (1) + V (2) + V (4) W (4)′′
W (1) +W (3) W (1) +W (3)
W (2) + V (2)2 W (2) + V (2)2
(W (2)2)′ W (1)2 + V (2)2
(W (2)2)′′ (W (2)2)′
W (1)2 + V (2)2 (W (2)2)′′
W (2) +W (1)2 W (2) +W (1)2
	   
  σ  	 
	  G = D4 	 p = 2
    	
	 
  u 	 
  σ(u)
[1, 7] [1, 7]
[3, 5] [3, 5]
[13, 5] [42]′′
[42]′ [13, 5]
[42]′′ [42]′
[12, 32] [12, 32]
[1, 22, 3] [1, 22, 3]
[15, 3] [24]′′
[24]′ [15, 3]
[24]′′ [24]′
[14, 22] [14, 22]
	  
  σ  	 
	  G = D4 	 p = 2
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  	
   	
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 
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 
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 	   




  
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

 f : V → V 
  
 	   W   	
  V  
 f 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  f  W  fW  
 
 	 
  V/W
 fV/W 
   	
 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	 
 u ∈ GL(V ) 
 	
   m ≥ 1 
 

 
rm(u) 
 
     
 m  
  
	  u
 	
		   u ∈ GL(V )  	 
 	 X = u− 1  	 

m ≥ 1  

rm(u) = rankX
m+1 + rankXm−1 − 2 rankXm


rm(u) = 2 dimkerX
m − dimkerXm+1 − dimkerXm−1.
		 
    
   dimkerXm =
∑m
k=1 tk 

 tk 

 
     
 ≥ k  !" ##$
 	
		   u  
 	 
 	 	 p    	

	 	  p   	
 			 	 u  
 	 rank(u− 1)p−1
		 % 
 &#' 
 
  
 
     
 p 

  rank(u−1)p+1+rank(u−1)p−1−2 rank(u−1)p 
   


(u− 1)p = (u− 1)p+1 = 0

 
( 
  

   )	!# *#+ 	 ',-,$ .
 
 
 	
*  
+  	



 	
		   u  
 	 
 
 	  	 
 V 
 	

 u 
 	 p 	 
 V 
 
 ﬁ
	 V = W1 ⊇ W2 ⊇ · · · ⊇ Wt ⊇
Wt+1 = 0 	 K[u] 	  rp(u) ≥
∑t
i=1 rp(uWi/Wi+1)
		 
 X = u− 1 . X     ( 
 

,&
    	
Xp−1 =
⎛⎜⎜⎜⎜⎜⎜⎝
(XWt)
p−1 ∗ ∗ · · · ∗
0 (XWt−1/Wt)
p−1 ∗ · · · ∗
0 0
   · · · ∗



  

0 0 0 · · · (XW1/W2)p−1
⎞⎟⎟⎟⎟⎟⎟⎠
 rankXp−1 ≥ ∑ti=1 rank(XWi/Wi+1)p−1  	
  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

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 	 
 	 	
  	
  		 LG(λ)  G 	
	  
 	  
	
 	     	 	  		  	 
  W     	
	  	 	 ! 	
  W 
   	
  LG(0)/LG(λ)/LG(0) " #!  G = SL(V )! 	

W = V ⊗V ∗ = LG(0)/LG(ω1+ωl)/LG(0) $%  p  dimV  & 

 	 	'  
	 ( ) *  u ∈ G 	'  W )
)!  	
   	
	    	
 	 	 	 	
 ( )
*  u 	'  LG(λ)
& ' 	
 	  

  
 	
 ( ) * 
'

 '  	
 
  	     !  	 
		    
     u ∈ GL(V )  	 
 	 X = u− 1 	 

W ⊆ V  
 
 

  u  
 dimV/W = 1   m ≥ 0 
 
 kerXm ⊆ W 
 kerXm+1 ⊆ W  
$%  m = 0  

• r1(uW ) = r1(u)− 1
• ri(uW ) = ri(u) 	 
 i = 1
$%  m ≥ 1  

• rm+1(uW ) = rm+1(u)− 1
• rm(uW ) = rm(u) + 1
• ri(uW ) = ri(u) 	 
 i = m,m+ 1
		 + kerXi ⊆ W   0 ≤ i ≤ m! 

  	
	 dimkerXiW =
dimkerXi   0 ≤ i ≤ m ,  -! 	
  	
	   1 ≤ i ≤
m− 1!  
 ri(u) = ri(uW )
+#	 	 	
	 kerXi ⊆ W   i ≥ m + 1! 

  	
	 V/W =
(kerXi +W )/W ∼= W/ kerX i ∩W  . dimkerXiW = dimkerXi − 1  
i ≥ m+1 /
   -!  
 rm(uW ) = rm(u)+1  m ≥ 1  
rm+1(uW ) = rm+1(u)− 1  ri(uW ) = ri(u)   i ≥ m+ 2
     u ∈ GL(V )  	 
 	 X = u− 1 	 

W ⊆ V  
 
 

  u  
 dimW = 1   m ≥ 0  

 W ⊆ Xm(V )  W ⊆ Xm+1(V ) 
  	 
 	 
 	 	   
   m = 0  
• r1(uV/W ) = r1(u)− 1
• ri(uV/W ) = ri(u) 	
  i = 1
   m ≥ 1  
• rm+1(uV/W ) = rm+1(u)− 1
• rm(uV/W ) = rm(u) + 1
• ri(uV/W ) = ri(u) 	
  i = m,m+ 1

		  X iV/W (V/W ) = (X
i(V ) +W )/W ∼= Xi(V )/(W ∩ Xi(V ))	 
 
0 ≤ i ≤ m   rankXiV/W = rankXi − 1  W ⊆ Xi(V )	 
  rankXiV/W = rankX
i  i ≥ m + 1  W ⊆ Xi(V )  
W ∩ Xi(V ) = 0	 
   		   rm(uV/W ) = rm(u) + 1 
m ≥ 1	    rm+1(uV/W ) = rm+1(u) − 1  ri(uV/W ) = ri(u) 
 i = m,m+ 1	
  !  u ∈ GL(V )  "    "  ﬁ  ﬁ
0 = V0 ⊂ V1 ⊂ · · · ⊂ Vn = V  u$ "   dimVi/Vi−1 = 1
  1 ≤ i ≤ n	 %   ﬁ     		  
		       & ' (  u  V   " &
' (  u !   ) Vi/Vj 	 *    "
  + 	
    u ∈ GL(V )   	  	  
   u
 
   W ′ ⊆ W ⊆ V   dimV/W = 1  dimW ′ = 1
	    	 u   GL(W/W ′)  u′  	 	  		  	
 r1(u
′) = r1(u)− 2  rk(u′) = rk(u) 	
  k = 1
 
   m ≥ 2   rm(u′) = rm(u)− 2 rm−1(u′) = rm−1(u′) + 2
 rk(u
′) = rk(u) 	
  k ∈ {m,m− 1}
 
   m ≥ 3   rm(u′) = rm(u) − 1 rm−2(u′) = rm−2(u) + 1
 rk(u
′) = rk(u) 	
  k ∈ {m,m− 2}
 r2(u
′) = r2(u)− 1  rk(u′) = rk(u) 	
  k = 2
 
   m ≥ n + 2 n ≥ 2   rm(u′) = rm(u) − 1 rm−1(u′) =
rm−1(u) + 1 rn(u′) = rn(u)− 1 rn−1(u′) = rn−1(u) + 1  rk(u′) = rk(u)
	
  k ∈ {m,m− 1, n, n− 1}
 
   m ≥ 3   rm(u′) = rm(u)− 1 rm−1(u′) = rm−1(u) + 1
r1(u
′) = r1(u)− 1  rk(u′) = rk(u) 	
  k ∈ {1,m,m− 1}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  p = 2	 *        "
 u ∈ GL(V )  V            ! 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    	
•  	
   u   > 1 
  ≥ 3
•  
 ≥ 2 	
    u   ≥ 2
  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 
  
  u  V   
 ﬁ 	
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 p = 2  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 
  
  
 
 u ∈ GL(V )  V  	   
 
     	 
•  	
    u 
  ≥ 4
•  
 ≥ 2 	
    u   ≥ 3
•  
 ≥ 2 		 	
    u   ≥ 2
•  	
    u 
  ≥ 3 
	 u 
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  u 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LAl(ω1 + ωl) 
	 LCl(ω2)  
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   p = 2  u ∈ GL(V )  	     
K[u] W ⊆ W ′ ⊆ V    dimW = 1 dimV/W ′ = 1  	  
u     			    	  	 	 W ′/W     	 
u 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 u 	 SO(W ′/W )  	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  u  SO(W ′/W ) 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  u 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 
  
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
rk(u
′) ≥ 2   k
    
  	    u 
0  ≥ 2

 rk0(u), rk′0(u) ≥ 2   k0 > k′0 ≥ 1 3 
 ', ', ', 
	 '0,  

 
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 1 ≤ k ≤ m′ + n′
)  	!   "# sp(m,n)
  !  Vm⊗ Vn  
(%   	# )   ! !*      !!
 

  +,	
 -	! . 
 0 ≤ m ≤ n ≤ q 	

Vm ⊗ Vn = ⊕mk=1Vsp(m,n)(k)
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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     1 ≤ m ≤ n ≤ p 
Vm ⊗ Vn ∼= ⊕h−1i=0 Vn−m+2i+1 ⊕N · Vp = ⊕hi=1Vn−m+2h−2i+1 ⊕N · Vp
	 h = min{m, p− n} 
 N = max{0,m+ n− p}  
	
	 Vm ⊗ Vp =
m · Vp 	 
 1 ≤ m ≤ p
	 
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    1 ≤ m ≤ n ≤ p 
+,  p ≥ n+m− 1  Vn ⊗ Vm ∼= ⊕m−1i=0 Vn−m+2i+1 = ⊕mi=1Vn+m−2i+1
+,  p < n+m− 1  Vn ⊗ Vm 
 ≥ 2 	
    p
	 # h  N $   # %%( 
 p > n + m − 1 	 h = m 
N = 0  	  
 ' 
 # %%( 
 p = n + m − 1
	 h = m− 1  N = 1  $' # %%(  	-
Vn ⊗ Vm ∼= ⊕m−2i=0 V2i+1 ⊕ Vp = ⊕m−1i=0 Vn−m+2i+1
  ' 
 p < n +m − 1 	 N ≥ 2  $' # %%( 	 
 Vn ⊗ Vm 	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 Vm ⊗ Vn  	  	 p   - gcd(m,n) 
	  	 m ≤ n ≤ p 	 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 k ≥ 0
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    n ≥ 2 
Vn ⊗ V2 =
{
Vn ⊕ Vn  n ≡ 0 mod p
Vn−1 ⊕ Vn+1  n ≡ 0 mod p

    p = 2   n ≥ 3 
Vn ⊗ V3 =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Vn ⊕ Vn ⊕ Vn  n ≡ 0 mod p
Vn−1 ⊕ Vn−1 ⊕ Vn+2  n ≡ 1 mod p
Vn−2 ⊕ Vn+1 ⊕ Vn+1  n ≡ −1 mod p
Vn−2 ⊕ Vn ⊕ Vn+2  n ≡ 0, 1,−1 mod p

    p = 2   n ≥ 3 
Vn ⊗ V3 =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Vn ⊕ Vn ⊕ Vn  n ≡ 0 mod 4
Vn−1 ⊕ Vn−1 ⊕ Vn+2  n ≡ 1 mod 4
Vn−2 ⊕ Vn ⊕ Vn+2  n ≡ 2 mod 4
Vn−2 ⊕ Vn+1 ⊕ Vn+1  n ≡ 3 mod 4
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S = {(k, d) : 1 < k ≤ d ≤ p+ 1− k} ∪ {(k, p+ k − 1) : 1 < k ≤ p+ 1
2
}.
'   t ≥ 2  ﬁ St = (T1 \ T2) ∪ T3 

T1 = {(ipt−1 + p
t−1 ± 1
2
, jpt−1 +
pt−1 ± 1
2
) : 1 ≤ i ≤ p− 1
2
, i ≤ j ≤ p− i− 1}
T2 = {(ipt−1 + p
t−1 + 1
2
, ipt−1 +
pt−1 − 1
2
) : 1 ≤ i ≤ p− 1
2
}
T3 = {(ipt−1 + p
t−1 + 1
2
, ipt−1 +
pt−1 − 1
2
+ pt) : 1 ≤ i ≤ p− 1
2
}
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 1 ≤ m ≤ n 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 m = 1!
 1 < m ≤ p  (m,n′) ∈ S 
 n′  
 ,  
 

m ≤ n′ ≤ p+m− 1  n′ ≡ n mod p!
 pt−1 < m ≤ pt t ≥ 2  (m,n′) ∈ St 
 n′  
 ,  


 m ≤ n′ ≤ pt +m− 1  n′ ≡ n mod pt!
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p = 2	 
 m,n ≥ 1	 
    Vm ⊗ Vn      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  (m,n) 
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 Vm ⊗ Vn  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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 Vn ⊗ Vm ∼= ⊕min(m,n)i=1 Vn+m−2i+1	
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     p = 2	 
 1 ≤ m ≤ n	
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• m = 1
• m = 2  n ≡ 1 mod 2
• m = 3  n ≡ 2 mod 4	
  Vm ⊗ Vn      Vn ⊗ Vm ∼= ⊕min(m,n)i=1 Vn+m−2i+1	
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 	    p = 2	 
 m ≥ 1  1 ≤ n ≤ n′    
 n ≡ n′ mod 2	 "  Vm ⊗ (Vn ⊕ Vn′)    	 
n′ − n ≥ 2m    n′ > m	
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 Vm ⊗ (Vn ⊕ Vn′) = (Vm ⊗ Vn) ⊕ (Vm ⊗ Vn′)    
 Vm ⊗ Vn & Vm ⊗ Vn′ 
  	
%

& $*
1%%
  n′ ≤ m 2  $
 
 
 Vm⊗Vn = ⊕ni=1Vm+n−2i+1 & Vm⊗
Vn′ = ⊕n′j=1Vm+n′−2j+1  
	
   
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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Vm ⊗ Vn  m+ n− 1 (
 $  Vm ⊗ Vn′    $*  -
 m+ n− 1
0	  
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 $* -
 $$		  Vm⊗Vn′ 	
 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 
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	 $
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  
 
	 [m− n′ + 1,m+ n′ − 1] & $ 	
 $	
  m− n′ + 1
mod 2 / 	 		& 
	ﬁ$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 m+ n− 1  $  

	 
Vm⊗ Vn′    $*  -
 m+n− 1  Vm⊗ (Vn⊕ Vn′)  ≥ 2 ,	&
$*  -
 m+ n− 1 $   $	&$
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 n′ > m   Vm ⊗ Vn ∼= ⊕min(m,n)i=1 Vm+n−2i+1 &
Vm ⊗ Vn′ ∼= ⊕mj=1Vn′+m−2j+1  
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Vm ⊗ Vn $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	  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	 [|m − n| + 1,m + n − 1] $	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n + m − 1 mod 2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	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  n′ + m − 1 mod 2 3
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n + m − 1 ≡ n′ + m − 1 mod 2   	
  (Vm ⊗ Vn) ⊕ (Vm ⊗ Vn′) 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 n′ ≡ n mod 2
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 m,m′, n, n′ ≥ 1    
m ≡ m′ mod 2  n ≡ n′ mod 2	  (Vm ⊕ Vm′) ⊗ (Vn ⊕ Vn′)  
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 m ≤ m′ 	 n ≤ n′ 
(Vm⊕Vm′)⊗ (Vn⊕Vn′) 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  	    p = 2	 
 V1  V2  K[u]  
1 < dimV1 ≤ dimV2 V1 ↓ K[u] =
⊕s
i=1 Vmi  V2 ↓ K[u] =
⊕t
j=1 Vnj  
1 ≤ m1 ≤ · · · ≤ ms  1 ≤ n1 ≤ · · · ≤ nt     mi ≡ mi′ mod 2
  1 ≤ i, i′ ≤ s  nj ≡ nj′ mod 2   1 ≤ j, j′ ≤ t	
  s > 1  t > 1	  V1 ⊗ V2       
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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$% s = 1  V1 ↓ K[u] = Vm  m = m1 
$% ni − ni−1 ≥ 2m   2 ≤ i ≤ t 
$% (m,ni)      S  !ﬁ #	#	$%   1 ≤ i ≤ t	
& 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 '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V1 ⊗ V2 =
min(m,n1)⊕
j=1
Vn1+m−2j+1 ⊕
t⊕
i=2
m⊕
j=1
Vni+m−2j+1.
	 &
  
 	 $% $% 	 $% 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V1 ⊗ V2 =
min(m,n1)⊕
j=1
Vn1+m−2j+1 ⊕
t⊕
i=2
m⊕
j=1
Vni+m−2j+1,
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S2(Vn) =

n/2⊕
k=1
Vsp(n)(2k−1) 	 ∧2 (Vn) =
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⊕
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Vsp(n)(2k).
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 k ≥ 0 	 n = bpk + d 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∧2(Vn) = (n− p
k+1 + 1
2
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S2(Vn) = (n− p
k+1 − 1
2
)Vpk+1 ⊕ ∧2(Vpk+1−n)
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)V(2b+1)pk ⊕ ∧2(V(2b+1)pk−n)
  2n ≤ pk+1 	 1 ≤ d ≤ pk−12  
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	  	 !
A =
⎛⎜⎜⎜⎜⎜⎜⎜⎝
0 1 · · · · · · 1
0 1 · · · 
  
  

   1
0
⎞⎟⎟⎟⎟⎟⎟⎟⎠
& 	  	 "#   μ
(j)
t = μ
(j−1)
t−1   	    
	      1 ≤ d ≤ l  ! Ad  ' 	 ! 	
 (l + 1 − d) × (l + 1 − d)   	    	  
 ⎛⎜⎜⎜⎜⎜⎜⎜⎝
a1 a2 · · · · · · al+1−d
a1 a2 · · ·

  
  

   a2
a1
⎞⎟⎟⎟⎟⎟⎟⎟⎠
 as =
(
s+d−2
s−1
)
  1 ≤ s ≤ l + 1 − d  
     
	
	 	 d $ d = 1    ( 	    
  
1 ≤ d < l ) 	 Ad  A 	   Ad+1 = A ·Ad  '
    	
	 
   (l−d)× (l−d)       
   ⎛⎜⎜⎜⎜⎜⎜⎜⎝
a′1 a′2 · · · · · · a′l−d
a′1 a′2 · · ·

  
  

   a′2
a′1
⎞⎟⎟⎟⎟⎟⎟⎟⎠
 a′f = a1 + · · ·+ af   1 ≤ f ≤ l − d 
f∑
s=1
(
s+ d− 2
s− 1
)
=
f−1∑
s=0
(
d− 1 + s
s
)
=
(
d+ f − 1
f − 1
)
        	    
a′f =
(
f+d−1
f−1
)
 !     d+1  	     
"  # 	    X2l−kfj = 0   j ≤ 2l − k    
$   2l−k < j ≤ 2l "	  j < l+1	  2l−k ≤ l−1  
 k = l+1  j = l % 2l−k = l−1	      #ﬁ 
   d = l−1 '  j ≥ l+1 (   Xj−(l+1)fj = fl+1	
 X2l−kfj = X3l−k−j+1 ·Xj−(l+1)fj = X3l−k−j+1fl+1     
  X3l−k−j+1fl+1 =
∑k+j−2t
t=1 λ
(j)
t ft  λ
(j)
t =
(
l−t
j+k−2l−t
)
	 # # 
"   # 	    λ
(j)
t =
(
l−t
j+k−2l−t
)
 # λ
(j)
t = λ
(j−1)
t−1 	  
  #   
  X2l−k      f1, . . . , f2l 
) 	 
   k×k        
 ⎛⎜⎜⎜⎜⎜⎜⎜⎝
bk bk−1 · · · · · · b1
bk bk−1 · · ·

  
  

   bk−1
bk
⎞⎟⎟⎟⎟⎟⎟⎟⎠
 bt =
(
l−t
k−t
)
  1 ≤ t ≤ k % # # 	  ﬃ    
1 ≤ t ≤ k  bt mod 2    l mod 2α (  	  
   l′    l′ ≡ l mod 2α	  (l′−tk−t) ≡ ( l−tk−t) mod 2  
1 ≤ k ≤ l+ 1  1 ≤ t ≤ k %     + 
,- 
( % ./  % .0  # #    X2l−k  V (2l) 
1 ≤ k ≤ l+1  1 ≤ k ≤ 6 %       	
 , .1 #  # 
    	 
  	 
 	 
	   
(
n
k
)
=
(
n−1
k
)
+
(
n−1
k−1
)

	     !
"
	#  "$ % &&'! 	
	 
   (
) 	 a 
 b
 *
		 a =
∑
i≥0 aip
i 
 b =
∑
i≥0 bip
i  * +
	 p  
)  (
a
b
) ≡ ∏i≥0 (aibi
)
mod p ,  	
(
m
n
)
= 0  m < n - 
 	 * 	  
*
-.!
  	
 
 	
   
   
ei ⊗ v Xk · (ei ⊗ v)
e1 ⊗ v e1 ⊗Xkv
e−1 ⊗ v e−1 ⊗Xkv   k ≡ 0 mod 2
(e−1 + e1)⊗Xkv + e1 ⊗Xk−1v   k ≡ 1 mod 2
 	
   Xk  V (2)⊗ V (2l)
ei ⊗ v Xk · (ei ⊗ v)
e1 ⊗ v e1 ⊗Xkv
e2 ⊗ v e2 ⊗Xkv   k ≡ 0 mod 2
(e2 + e1)⊗Xkv + e1 ⊗Xk−1v   k ≡ 1 mod 2
e−2 ⊗ v e−2 ⊗Xkv   k ≡ 0 mod 4
(e−2 + e2 + e1)⊗Xkv + (e2 + e1)⊗Xk−1v   k ≡ 1 mod 4
(e−2 + e1)⊗Xkv + e1 ⊗Xk−2v   k ≡ 2 mod 4
(e−2 + e2)⊗Xkv + (e2 + e1)⊗Xk−1v + e1 ⊗Xk−2v   k ≡ 3 mod 4
e−1 ⊗ v e−1 ⊗Xkv   k ≡ 0 mod 4
(e−1 + e−2)⊗Xkv + e−2 ⊗Xk−1v   k ≡ 1 mod 4
(e−1 + e2 + e1)⊗Xkv + (e2 + e1)⊗Xk−2v   k ≡ 2 mod 4
(e−1 + e−2 + e2)⊗Xkv + (e−2 + e1)⊗Xk−1v + e2 ⊗Xk−2v +
e1 ⊗Xk−3v 
 k ≡ 3 mod 4
 
   Xk  V (4)⊗ V (2l)
V (2m)⊗ V (2l) V (2m)⊗ V (2l) ↓ K[u]
V (2)⊗ V (2l) l ≥ 1 W (2l)  l ≡ 0 mod 2
V (2l)2  l ≡ 1 mod 2
V (4)⊗ V (2l) l ≥ 2 W (2l)2  l ≡ 0 mod 4
W (2l − 2) +W (2l + 2)  l ≡ 1 mod 4
W (2l) + V (2l)2  l ≡ 2 mod 4
W (2l − 2) +W (2l + 2)  l ≡ 3 mod 4
V (6)⊗ V (2l) l ≥ 3 W (2l)3  l ≡ 0 mod 4
W (2l − 2)2 + V (2l + 4)2  l ≡ 1 mod 4
W (2l − 4) +W (2l) +W (2l + 4)  l ≡ 2 mod 4
V (2l − 4)2 +W (2l + 2)2  l ≡ 3 mod 4
 
   V (2m)⊗ V (2l)  1 ≤ m ≤ 3
    	
ei ⊗ v Xk · (ei ⊗ v)
e1 ⊗ v e1 ⊗Xkv
e2 ⊗ v e2 ⊗Xkv   k ≡ 0 mod 2
(e2 + e1)⊗Xkv + e1 ⊗Xk−1v   k ≡ 1 mod 2
e3 ⊗ v e3 ⊗Xkv   k ≡ 0 mod 4
(e3 + e2 + e1)⊗Xkv + (e2 + e1)⊗Xk−1v   k ≡ 1 mod 4
(e3 + e1)⊗Xkv + e1 ⊗Xk−2v   k ≡ 2 mod 4
(e3 + e2)⊗Xkv + (e2 + e1)⊗Xk−1v + e1 ⊗Xk−2v   k ≡ 3 mod 4
e−3 ⊗ v e−3 ⊗Xkv   k ≡ 0 mod 4
(e−3 + e3 + e2 + e1)⊗Xkv + (e3 + e2 + e1)⊗Xk−1v   k ≡ 1 mod 4
(e−3 + e2)⊗Xkv + e2 ⊗Xk−2v   k ≡ 2 mod 4
(e−3 + e3)⊗Xkv + (e3 + e2)⊗Xk−1v + (e2 + e1)⊗Xk−2v +
e1 ⊗Xk−3v
 k ≡ 3 mod 4
e−2 ⊗ v e−2 ⊗Xkv   k ≡ 0 mod 8
(e−2 + e−3)⊗Xkv + e−3 ⊗Xk−1v   k ≡ 1 mod 8
(e−2 + e3 + e2 + e1)⊗Xkv + (e3 + e2 + e1)⊗Xk−2v   k ≡ 2 mod 8
(e−2+ e−3+ e3+ e1)⊗Xkv+(e−3+ e2)⊗Xk−1v+(e3+ e1)⊗
Xk−2v + e2 ⊗Xk−3v 
 k ≡ 3 mod 8
(e−2 + e1)⊗Xkv + e1 ⊗Xk−4v   k ≡ 4 mod 8
(e−2 + e−3 + e1)⊗Xkv + e−3 ⊗Xk−1v + e1 ⊗Xk−4v   k ≡ 5 mod 8
(e−2 + e3 + e2)⊗Xkv+ (e3 + e2 + e1)⊗Xk−2v+ e1 ⊗Xk−4v   k ≡ 6 mod 8
(e−2 + e−3 + e3) ⊗ Xkv + (e−3 + e2) ⊗ Xk−1v + (e3 + e1) ⊗
Xk−2v + e2 ⊗Xk−3v + e1 ⊗Xk−4v 
 k ≡ 7 mod 8
e−1 ⊗ v e−1 ⊗Xkv   k ≡ 0 mod 8
(e−1 + e−2)⊗Xkv + e−2 ⊗Xk−1v   k ≡ 1 mod 8
(e−1 + e−3)⊗Xkv + e−3 ⊗Xk−2v   k ≡ 2 mod 8
(e−1+ e−2+ e−3+ e3+ e2+ e1)⊗Xkv+(e−2+ e3+ e2+ e1)⊗
Xk−1v+(e−3+e3+e2+e1)⊗Xk−2v+(e3+e2+e1)⊗Xk−3v 
 k ≡ 3 mod 8
(e−1 + e2)⊗Xkv + e2 ⊗Xk−4v   k ≡ 4 mod 8
(e−1+ e−2+ e2+ e1)⊗Xkv+(e−2+ e1)⊗Xk−1v+(e2+ e1)⊗
Xk−4v + e1 ⊗Xk−5v 
 k ≡ 5 mod 8
(e−1 + e−3 + e2)⊗Xkv + e−3 ⊗Xk−2v + e2 ⊗Xk−4v   k ≡ 6 mod 8
(e−1+e−2+e−3+e3)⊗Xkv+(e−2+e3+e2)⊗Xk−1v+(e−3+
e3 + e2 + e1)⊗Xk−2v + (e3 + e2 + e1)⊗Xk−3v + (e2 + e1)⊗
Xk−4v + e1 ⊗Xk−5v 
 k ≡ 7 mod 8
 	
   Xk  V (6)⊗ V (2l)	
  	
 
 	
   
  
X2l−1
(
1
)
(l ≥ 1)
X2l−2
(
1 1
1
) (
1 0
1
)
(l ≥ 1) l ≡ 0 mod 2 l ≡ 1 mod 2
X2l−3
⎛
⎝1 1 11 0
1
⎞
⎠
⎛
⎝1 0 01 1
1
⎞
⎠
(l ≥ 2) l ≡ 0 mod 4 l ≡ 1 mod 4
⎛
⎝1 1 01 0
1
⎞
⎠
⎛
⎝1 0 11 1
1
⎞
⎠
l ≡ 2 mod 4 l ≡ 3 mod 4
X2l−4
⎛
⎜⎜⎝
1 1 1 1
1 0 1
1 1
1
⎞
⎟⎟⎠
⎛
⎜⎜⎝
1 0 0 0
1 1 1
1 0
1
⎞
⎟⎟⎠
(l ≥ 3) l ≡ 0 mod 4 l ≡ 1 mod 4
⎛
⎜⎜⎝
1 1 0 0
1 0 0
1 1
1
⎞
⎟⎟⎠
⎛
⎜⎜⎝
1 0 1 0
1 1 0
1 0
1
⎞
⎟⎟⎠
l ≡ 2 mod 4 l ≡ 3 mod 4
 	
   X2l−k  V (2l)  1 ≤ k ≤ 4	    
       X2l−k      f1, . . . , f2l
       X2l−k  	
     l ≥ 1   	


 
 V (2)⊗V (2l)  	 

 
	 
      


      ! " 		  # V2 ⊗ V2l = V2l ⊕ V2l 
 $% &   V (2) ⊗ V (2l)   %	 '  % 
%  V (2)⊗V (2l)  ! % %	 (
   %     ε(2l) = 0  l ≡ 0 mod 2 %
ε(2l) = 1  l ≡ 1 mod 2  )ﬁ +	
	,	 ' %  #  
" +	
	-	
.! " +	
	-  # ε(2l) = 1  % !  (X2l−1(ei ⊗ fj), ei ⊗ fj) =
0    # ei ⊗ fj  V (2) ⊗ V (2l)	 '  %  
(X2l−1(ei ⊗ fj), ei ⊗ fj)   ei % fj 	
/  	0      v ∈ V (2l) 
(X2l−1 · (e1 ⊗ v), e1 ⊗ v) = 0, %
(X2l−1 · (e−1 ⊗ v), e−1 ⊗ v) = (X2l−1v, v) + (X2l−2v, v).
    	
X2l−5
⎛
⎜⎜⎜⎝
1 1 1 1 1
1 0 1 0
1 1 0
1 0
1
⎞
⎟⎟⎟⎠
⎛
⎜⎜⎜⎝
1 0 0 0 0
1 1 1 1
1 0 1
1 1
1
⎞
⎟⎟⎟⎠
(l ≥ 4) l ≡ 0 mod 8 l ≡ 1 mod 8
⎛
⎜⎜⎜⎝
1 1 0 0 0
1 0 0 0
1 1 1
1 0
1
⎞
⎟⎟⎟⎠
⎛
⎜⎜⎜⎝
1 0 1 0 0
1 1 0 0
1 0 0
1 1
1
⎞
⎟⎟⎟⎠
l ≡ 2 mod 8 l ≡ 3 mod 8
⎛
⎜⎜⎜⎝
1 1 1 1 0
1 0 1 0
1 1 0
1 0
1
⎞
⎟⎟⎟⎠
⎛
⎜⎜⎜⎝
1 0 0 0 1
1 1 1 1
1 0 1
1 1
1
⎞
⎟⎟⎟⎠
l ≡ 4 mod 8 l ≡ 5 mod 8
⎛
⎜⎜⎜⎝
1 1 0 0 1
1 0 0 0
1 1 1
1 0
1
⎞
⎟⎟⎟⎠
⎛
⎜⎜⎜⎝
1 0 1 0 1
1 1 0 0
1 0 0
1 1
1
⎞
⎟⎟⎟⎠
l ≡ 6 mod 8 l ≡ 7 mod 8
X2l−6
⎛
⎜⎜⎜⎜⎜⎝
1 1 1 1 1 1
1 0 1 0 1
1 1 0 0
1 0 0
1 1
1
⎞
⎟⎟⎟⎟⎟⎠
⎛
⎜⎜⎜⎜⎜⎝
1 0 0 0 0 0
1 1 1 1 1
1 0 1 0
1 1 0
1 0
1
⎞
⎟⎟⎟⎟⎟⎠
(l ≥ 5) l ≡ 0 mod 8 l ≡ 1 mod 8
⎛
⎜⎜⎜⎜⎜⎝
1 1 0 0 0 0
1 0 0 0 0
1 1 1 1
1 0 1
1 1
1
⎞
⎟⎟⎟⎟⎟⎠
⎛
⎜⎜⎜⎜⎜⎝
1 0 1 0 0 0
1 1 0 0 0
1 0 0 0
1 1 1
1 0
1
⎞
⎟⎟⎟⎟⎟⎠
l ≡ 2 mod 8 l ≡ 3 mod 8
⎛
⎜⎜⎜⎜⎜⎝
1 1 1 1 0 0
1 0 1 0 0
1 1 0 0
1 0 0
1 1
1
⎞
⎟⎟⎟⎟⎟⎠
⎛
⎜⎜⎜⎜⎜⎝
1 0 0 0 1 0
1 1 1 1 0
1 0 1 0
1 1 0
1 0
1
⎞
⎟⎟⎟⎟⎟⎠
l ≡ 4 mod 8 l ≡ 5 mod 8
⎛
⎜⎜⎜⎜⎜⎝
1 1 0 0 1 1
1 0 0 0 1
1 1 1 1
1 0 1
1 1
1
⎞
⎟⎟⎟⎟⎟⎠
⎛
⎜⎜⎜⎜⎜⎝
1 0 1 0 1 0
1 1 0 0 1
1 0 0 0
1 1 1
1 0
1
⎞
⎟⎟⎟⎟⎟⎠
l ≡ 6 mod 8 l ≡ 7 mod 8
 	
   X2l−k  V (2l)  5 ≤ k ≤ 6	    
       X2l−k      f1, . . . , f2l
       X2l−k  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(X2l−1fj , fj) + (X2l−2fj , fj) = 0 
  j ≤ 2l − 1.
(X2l−1f2l, f2l) + (X2l−2f2l, f2l) =
{
0,  l ≡ 0 mod 2.
1,  l ≡ 1 mod 2.
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 
  ε(2l) = 0  l ≡ 0 mod 2  ε(2l) = 1  l ≡ 1
mod 2 ﬁ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V4 ⊗ V2l =
{
4 · V2l  l ≡ 0 mod 2
2 · V2l−2 ⊕ 2 · V2l+2  l ≡ 1 mod 2
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 ﬁ l ≡ 0 mod 2 -
    	   ε(2l) = 0  l ≡
0 mod 4  ε(2l) = 1  l ≡ 2 mod 4  .ﬁ
 /0 -
 V4⊗V2l = 4 ·V2l

 + #		 /     
 
 
  (X2l−1(ei ⊗ fj), ei ⊗ fj) = 0

  i  j   
+  l ≡ 0 mod 4 1 2l− 1 ≡ 3 mod 4   /
  
(X2l−1 · (e1 ⊗ v), e1 ⊗ v) = 0
(X2l−1 · (e2 ⊗ v), e2 ⊗ v) = 0
(X2l−1 · (e−2 ⊗ v), e−2 ⊗ v) = (X2l−1v, v) + (X2l−2v, v)
(X2l−1 · (e−1 ⊗ v), e−1 ⊗ v) = (X2l−2v, v) + (X2l−4v, v)

  v ∈ V (2l) -
  l = 2 
 
	    X2l−2f2l = f1+f2
 X2l−4f2l = f2l 
 (X2l−1 · (e−1 ⊗ f2l), e−1 ⊗ f2l) = 1   ε(2l) = 1 
	
1
   l > 2 1 l ≡ 0 mod 2  

 
	 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 

#		 0/   % (X2l−1 ·(e−2⊗v), e−2⊗v) = (X2l−1v, v)+(X2l−2v, v) =
0 
  v ∈ V (2l) 	
    
 
	  (X2l−1 · (e−1⊗
fj), e−1 ⊗ fj) = (X2l−2fj , fj) + (X2l−4fj , fj) = 0 
  j ≤ 2l − 1 + 
    
(X2l−1 · (e−1 ⊗ f2l), e−1 ⊗ f2l) = (X2l−2f2l, f2l) + (X2l−4f2l, f2l)
=
{
0,  l ≡ 0 mod 4.
1,  l ≡ 2 mod 4.
2 ε(2l) = 0  l ≡ 0 mod 4  ε(2l) = 1  l ≡ 2 mod 4 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    l ≡ 0 mod 2
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 l ≡ 1 mod 2 2  	   ε(2l + 2) = 0 
ε(2l − 2) = 0 .ﬁ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  ε(2l + 2) = 0 + #		 /  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	 	  (X2l+1 · (ei ⊗ fj), ei ⊗ fj) = 0 	  i  j 	
2l + 1 ≡ 3 mod 4 	    	 
(X2l+1 · (e1 ⊗ v), e1 ⊗ v) = 0
(X2l+1 · (e2 ⊗ v), e2 ⊗ v) = 0
(X2l+1 · (e−2 ⊗ v), e−2 ⊗ v) = (X2l+1v, v) + (X2lv, v) = 0
(X2l+1 · (e−1 ⊗ v), e−1 ⊗ v) = (X2lv, v) + (X2l−2v, v) = (X2l−2v, v)
	  v ∈ V (2l)  l ≡ 1 mod 2   (X2l−2fj , fj) = 0 	  j 
 	  		  ε(2l + 2) = 0
	 	  ε(2l− 2) = 0          	
 	  	
 (X2l−3 · γ, γ) = 0 	  γ    	  ! 	 X2l−2  	
V (4)⊗ V (2l) 	 2l − 2 ≡ 0 mod 4 	      X2l−2 · (v ⊗ w) =
v ⊗ X2l−2w 	  v ∈ V (4) w ∈ V (2l) "   	  ! 	 X2l−2
 	 V (4) ⊗ V (2l)    ei ⊗ fj   j ≤ 2l − 2 	 2l − 3 ≡ 3
mod 4 	     ﬁ 
(X2l−3 · (e1 ⊗ v), e1 ⊗ v) = 0
(X2l−3 · (e2 ⊗ v), e2 ⊗ v) = 0
(X2l−3 · (e−2 ⊗ v), e−2 ⊗ v) = (X2l−3v, v) + (X2l−4v, v)
(X2l−3 · (e−1 ⊗ v), e−1 ⊗ v) = (X2l−4v, v) + (X2l−6v, v)
	  v ∈ V (2l)
$     	 	   	 l ≡ 1 mod 2  
(X2l−3 · (e−2⊗ fj), e−2⊗ fj) = (X2l−3fj , fj)+ (X2l−4fj , fj) = 0 	  j ≤ 2l− 2
  	 ﬁ 	  l ≡ 1 mod 2  l > 3  (X2l−3 · (e−1⊗fj), e−1⊗
fj) = (X
2l−4fj , fj) + (X2l−6fj , fj) = 0 	  j ≤ 2l − 2 % 	 l = 3
 
	 	  (X2l−4fj , fj) + (X2l−6fj , fj) = 0 	  j ≤ 2l − 2
	 &  &		 	   
     l ≥ 3   	
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V6 ⊗ V2l =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
6 · V2l 
 l ≡ 0 mod 4
4 · V2l−2 ⊕ 2 · V2l+4 
 l ≡ 1 mod 4
2 · V2l−4 ⊕ 2 · V2l ⊕ 2 · V2l+4 
 l ≡ 2 mod 4
2 · V2l−4 ⊕ 4 · V2l+4 
 l ≡ 3 mod 4
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l mod 4
l ≡ 0 mod 4 
&     ε(2l) = 0 '(ﬁ *+,- .#  *+   
	"    (X2l−1(ei⊗fj), ei⊗fj) = 0 
  ei  fj  / 2l−1 ≡ 7
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mod 8  	
   
(X2l−1 · (e1 ⊗ v), e1 ⊗ v) = 0
(X2l−1 · (e2 ⊗ v), e2 ⊗ v) = 0
(X2l−1 · (e3 ⊗ v), e3 ⊗ v) = 0
(X2l−1 · (e−3 ⊗ v), e−3 ⊗ v) = (X2l−1v, v) + (X2l−2v, v)
(X2l−1 · (e−2 ⊗ v), e−2 ⊗ v) = (X2l−2v, v) + (X2l−4v, v)
(X2l−1 · (e−1 ⊗ v), e−1 ⊗ v) = (X2l−3v, v) + (X2l−4v, v)
+ (X2l−5v, v) + (X2l−6v, v)
 	 v ∈ V (2l)  l ≡ 0 mod 2         	
 	  	 (X2l−1fj , fj) + (X2l−2fj , fj) = 0  	 j   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  	
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 # 	  	 j  	 (X2l−2fj , fj) +
(X2l−4fj , fj) = 0 	" (X2l−3fj , fj)+(X2l−4fj , fj)+(X2l−5fj , fj)+(X2l−6fj , fj) =
0 $ ε(2l) = 0 	 	"
l ≡ 1 mod 4 
%  	  	  	 ε(2l+4) = 1 	" ε(2l−2) = 0 &ﬁ ! 
 	 ε(2l + 4) = 1 
( 	 !     ﬃ   	 (X2l+3(ei ⊗
fj), ei ⊗ fj) = 0   ei ⊗ fj  * 2l + 3 ≡ 5 mod 8   	
 
 ﬁ" 	 (X2l+3(e−1 ⊗ v), e−1 ⊗ v) = (X2l−1v, v) + (X2l−2v, v) * 
v = f2l  	 X
2l−1v = f1 	" X2l−2v = f2 	
 !    	
(X2l+3(e−1 ⊗ f2l), e−1 ⊗ f2l) = 1  ε(2l + 4) = 1
  	 ε(2l−2) = 0 
( 	 !    "  	 (X2l−1·γ, γ) =
0  	 γ ∈ V (6)⊗V (2l)  	 
	   +  X2l−2 	  V (6)⊗V (2l)
* 2l−2 ≡ 0 mod 8  
( 	
   	 X2l−2 ·(v⊗w) = v⊗X2l−2w  	
v ∈ V (6) w ∈ V (2l) $ 	 
	   +  X2l−2 	  V (6)⊗V (2l)
 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( ei ⊗ fj   j ≤ 2l− 2  2l− 3 ≡ 7 mod 8  	
  
ﬁ",
(X2l−3 · (e1 ⊗ v), e1 ⊗ v) = 0
(X2l−3 · (e2 ⊗ v), e2 ⊗ v) = 0
(X2l−3 · (e3 ⊗ v), e3 ⊗ v) = 0
(X2l−3 · (e−3 ⊗ v), e−3 ⊗ v) = (X2l−3v, v) + (X2l−4v, v)
(X2l−3 · (e−2 ⊗ v), e−2 ⊗ v) = (X2l−4v, v) + (X2l−6v, v)
(X2l−3 · (e−1 ⊗ v), e−1 ⊗ v) = (X2l−5v, v) + (X2l−6v, v)
+ (X2l−7v, v) + (X2l−8v, v)
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#  ﬁ  	 j ≤ 2l − 2 	  	
(X2l−3fj , fj) + (X2l−4fj , fj) = 0 	" (X2l−4fj , fj) + (X2l−6fj , fj) = 0 . 	
	 	  	 j ≤ 2l−2  	 (X2l−5fj , fj)+(X2l−6fj , fj)+(X2l−7fj , fj)+
(X2l−8fj , fj) = 0 % j ≤ l    	   	 (Xkfj , fj)  	(
k ≥ 0 
( 	 /  	"  % l < j ≤ 2l − 2   	 
fj = X
2fj+2 	" (   	
 ! 	" 	
 # 	 (X
2l−5fj , fj) +
(X2l−6fj , fj)+(X2l−7fj , fj)+(X2l−8fj , fj) = (X2l−3fj+2, fj)+(X2l−4fj+2, fj)+
(X2l−5fj+2, fj) + (X2l−6fj+2, fj) = 0 %   	 ε(2l − 2) = 0
l ≡ 2 mod 4 
    	
  	
  	
  
 ε(2l+4) = 0 ε(2l) = 0 
 ε(2l−4) = 0 ﬁ
   
 ε(2l+4) = 0  
    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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(X2l+3(ei ⊗ fj), ei ⊗ fj) = 0  
 ei 
 fj  ! 2l + 3 ≡ 7 mod 8  

 ""  
(X2l+3 · (e1 ⊗ v), e1 ⊗ v) = 0
(X2l+3 · (e2 ⊗ v), e2 ⊗ v) = 0
(X2l+3 · (e3 ⊗ v), e3 ⊗ v) = 0
(X2l+3 · (e−3 ⊗ v), e−3 ⊗ v) = (X2l+3v, v) + (X2l+2v, v) = 0
(X2l+3 · (e−2 ⊗ v), e−2 ⊗ v) = (X2l+2v, v) + (X2lv, v) = 0
(X2l+3 · (e−1 ⊗ v), e−1 ⊗ v) = (X2l+1v, v) + (X2lv, v) + (X2l−1v, v) + (X2l−2v, v)
= (X2l−1v, v) + (X2l−2v, v)
 
 v ∈ V (2l) #	 l ≡ 0 mod 2     $   %   

" 
  
& (X2l−1fj , fj) + (X2l−2fj , fj) = 0  
 j '	 ε(2l− 4) = 0
(  
 ε(2l) = 0  
     ﬃ	   

(X2l−1v, v) = 0  
 v ∈ V (6) ⊗ V (2l)  
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  X2l 
	
 V (6)⊗ V (2l) ! 2l ≡ 4 mod 8   
 ""  &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 

X2l · (ei ⊗ v) = 0 (i = 1, 2, 3,−3)
X2l · (e−2 ⊗ v) = e1 ⊗X2l−4v
X2l · (e−1 ⊗ v) = e2 ⊗X2l−4v
 
 v ∈ V (2l) '	 
 
   *   X2l 
	  V (6) ⊗ V (2l) 
&   ei⊗ fj 	 
 1 ≤ j ≤ 2l− 4  i = −2  i = −1 #	 2l− 1 ≡ 3
mod 8  
 ""  
(X2l−1 · (e1 ⊗ v), e1 ⊗ v) = 0
(X2l−1 · (e2 ⊗ v), e2 ⊗ v) = 0
(X2l−1 · (e3 ⊗ v), e3 ⊗ v) = 0
(X2l−1 · (e−3 ⊗ v), e−3 ⊗ v) = (X2l−1v, v) + (X2l−2v, v)
(X2l−1 · (e−2 ⊗ v), e−2 ⊗ v) = (X2l−2v, v) + (X2l−4v, v)
(X2l−1 · (e−1 ⊗ v), e−1 ⊗ v) = (X2l−1v, v) + (X2l−2v, v)
+ (X2l−3v, v) + (X2l−4v, v)
 
 v ∈ V (2l) ! l ≡ 0 mod 2      $   %   

" 
  
& (X2l−1fj , fj) + (X2l−2fj , fj) = 0  
 fj  (   
 
 " 
 
 "+    
 
   &  
 (X2l−2fj , fj) +
(X2l−4fj , fj) = 0 
 (X2l−3fj , fj)+(X2l−4fj , fj)+(X2l−5fj , fj)+(X2l−6fj , fj) =
0  
 j ≤ 2l − 4    
 ε(2l) = 0
,
  
   	
    
 ε(2l − 4) = 0 - 
  
  ﬃ	   
 (X2l−5v, v) = 0  
 v  
 
   *  
X2l−4 
	  V (6) ⊗ V (2l) ! 2l − 4 ≡ 0 mod 8   
 ""  
&
X2l−4 · (v ⊗ w) = v ⊗X2l−4w  
 v ∈ V (6) w ∈ V (2l) '	 
 
  
*   X2l−4 
	  V (6)⊗ V (2l)  &  ei ⊗ fj    j ≤ 2l− 4 !
  	
 
 	
   
  
2l − 5 ≡ 7 mod 8  	 
   
(X2l−5 · (e1 ⊗ v), e1 ⊗ v) = 0
(X2l−5 · (e2 ⊗ v), e2 ⊗ v) = 0
(X2l−5 · (e3 ⊗ v), e3 ⊗ v) = 0
(X2l−5 · (e−3 ⊗ v), e−3 ⊗ v) = (X2l−5v, v) + (X2l−6v, v)
(X2l−5 · (e−2 ⊗ v), e−2 ⊗ v) = (X2l−6v, v) + (X2l−8v, v)
(X2l−5 · (e−1 ⊗ v), e−1 ⊗ v) = (X2l−7v, v) + (X2l−8v, v)
+ (X2l−9v, v) + (X2l−10v, v)
	 
       	 (X2l−5fj , fj)+(X2l−6fj , fj) = 0  
j ≤ 2l−4   	 (X2l−6fj , fj)+(X2l−8fj , fj) = 0   j ≤ 2l−4  j ≤ l
	     	 (Xkfj , fj)   k ≥ 0      
 l < j ≤ 2l − 4 	    fj = X4fj+4  ! 
 "   	
(X2l−6fj , fj) + (X2l−8fj , fj) = (X2l−2fj+4, fj) + (X2l−4fj+4, fj) = 0 #
 	$ 	 (X2l−7fj , fj) + (X2l−8fj , fj) + (X2l−9fj , v) + (X2l−10fj , fj) = 0
  j ≤ 2l − 4 
	 ε(2l − 4) = 0   
l ≡ 3 mod 4 
 	  	   	 ε(2l+2) = 0  ε(2l−4) = 1 %ﬁ '" 

	 	 ε(2l + 2) = 0   '"    !ﬃ  	 	 (X2l+1(ei ⊗
fj), ei ⊗ fj)) = 0   ei  fj  ) 2l + 1 ≡ 7 mod 8  	 
  

(X2l+1 · (e1 ⊗ v), e1 ⊗ v) = 0
(X2l+1 · (e2 ⊗ v), e2 ⊗ v) = 0
(X2l+1 · (e3 ⊗ v), e3 ⊗ v) = 0
(X2l+1 · (e−3 ⊗ v), e−3 ⊗ v) = (X2l+1v, v) + (X2lv, v) = 0
(X2l+1 · (e−2 ⊗ v), e−2 ⊗ v) = (X2lv, v) + (X2l−2v, v) = (X2l−2v, v)
(X2l+1 · (e−1 ⊗ v), e−1 ⊗ v) = (X2l−1v, v) + (X2l−2v, v)
+ (X2l−3v, v) + (X2l−4v, v)
  v ∈ V (2l) ) ! 
 "   	     j 	
(X2l−2fj , fj) = 0  (X2l−1fj , fj)+(X2l−2fj , fj)+(X2l−3fj , fj)+(X2l−4fj , fj) =
0 
	! ε(2l + 2) = 0
*  	 	 ε(2l− 4) = 1  ﬁ   γ ∈ V (6)⊗ V (2l) !	 	 γ
  	 $  X2l−4   V (6) ⊗ V (2l)  !	 	 (X2l−5γ, γ) = 1
 '"  
 	    ﬁ
γ = e2 ⊗ f2l + e−3 ⊗ (f2l−2 + f2l−4) + e−1 ⊗ f2l−4.
) 2l − 4 ≡ 2 mod 8  	 
   
 "  +!
X2l−4 · (e2 ⊗ f2l) = e2 ⊗ f4
X2l−4 · (e−3 ⊗ (f2l−2 + f2l−4)) = e−3 ⊗ f2 + e2 ⊗ f4
X2l−4 · (e−1 ⊗ f2l−4) = e−3 ⊗ f2
    	
 	X2l−4 ·γ = 0
  l = 3   		  (X2l−5 ·γ, γ) = (X ·γ, γ) =
1
 	   l > 3
   
   
  	 
X2l−5 · (e2 ⊗ f2l) = (e2 + e1)⊗ (δf1 + f4 + f5)
+ e1 ⊗ (δf2 + f4 + f6)
X2l−5 · (e−3 ⊗ (f2l−2 + f2l−4)) = (e−3 + e3 + e2 + e1)⊗ (f2 + f3)
+ (e3 + e2 + e1)⊗ (f2 + f4)
X2l−5 · (e−1 ⊗ f2l−4) = (e−1 + e−2)⊗ f1 + e−2 ⊗ f2
 δ = 0  l ≡ 3 mod 8  δ = 1  l ≡ 7 mod 8
   	 	
   (X2l−5 · γ, γ) = 1

     		   
    !
	  		  		  	

     1 < m ≤ n   	

    K[u]	 Vm⊗Vn
    	
 ≤ 2  m ≤ 6
  m = 2k  n = 2k′
 "  

   

   
Vm ⊗ Vn = 2 · V2k1 ⊕ · · · ⊕ 2 · V2kt ,
 Vk⊗V ′k = Vk1⊕· · ·⊕Vkt 
 	   Vm⊗Vn  # 	$	   
≤ 2  	   Vk ⊗ Vk′  # 	$	   ≤ 1
 " 


%& 	 	  k ≤ 3  m ≤ 6 	 

	
    V1  V2   
 	

  
   β1  β2 
  	  1 < dimV1 ≤
dimV2   ui ∈ Sp(Vi)   	
    
   
	
 β1 ⊗ β2  V1 ⊗ V2  	
  u = u1 ⊗ u2 ∈ Sp(V1)⊗ Sp(V2) 
 	 	
   Sp(V1 ⊗ V2)       !
• dimV1 = 2  V1 ↓ K[u1] = V (2) "   u1 ∈ Sp(V1)   	
	
 #
• $    
 V2 ↓ K[u2] = V (2k1) + · · · + V (2kt)
 t ≥ 1 1 ≤ k1 < · · · < kt  ki     1 ≤ i ≤ t
%	        V1⊗V2 ↓ K[u] = V (2k1)2+
· · ·+ V (2kt)2
 	  u = u1 ⊗ u2 	  		    Sp(V1 ⊗
V2)
 '	    ui 	  		    Sp(Vi) 
i = 1, 2
   u1⊗u2 = ϕ(u1, u2)  ϕ 	  	 Sp(V1)×
Sp(V2) → Sp(V1 ⊗ V2)   	 ﬁ  (g1, g2) → g1 ⊗ g2
  	
 	  ) *
%
* +,  (u1, u2)   $   
	  Sp(V1) × Sp(V2)   ui 	  		   
Sp(Vi)  i = 1, 2

 ﬁ	 	  	  Vi   	 	 K[ui]-
	
  ui 	 		  Sp(Vi)  .	 *
&
&   V1 ↓
K[u1] = V (2m)  V2 ↓ K[u2] = V (2n)  1 ≤ m ≤ n

    	

   
 u1⊗u2  	 

    Sp(V1⊗V2)   
  	 	 
	     K[u]
 V2m ⊗ V2n 	 
! ≤ 2 "! #	 $%&   	 m ≤ 3 ' m = 1 m = 2 	

m = 3    (	 $% 	 u1⊗u2  	 

  
)	 

   *  	
 !  m = 1 	
 n  

 +  	
 	  V1 ↓ K[u] = V (2) 	
 V2 ↓ K[u] = V (2n) 	
 V1 ⊗ V2 = V (2n)2 !
(	 $% (    	   	  V1 	
 V2 	  	!

	
,
   	   	  	 
 V1 = ⊕si=1Wi
	
 V2 = ⊕tj=1Zj Wi 	
 Zj 	 	! 
	K[u]

 	 i 	
 j (   	 	 
 V1⊗V2 = ⊕i,j(Wi⊗Zj) 
K[u]
  u1⊗u2  	 

    Sp(V1⊗V2) 
 	  	 i 	
 j K[u]
Wi⊗Zj 
  	 


   Sp(Wi⊗Zj) '  
	 	  	  	

   	  	 i, j     
-
• Wi ↓ K[u] = V (2) 	
 Zj ↓ K[u] = V (2k)   k ≥ 1 

.
• Wi ↓ K[u] = V (2k)   k > 1 

 	
 Zj ↓ K[u] = V (2)
/ 	   	  	  Wi ⊗ Zj ↓ K[u] = V (2k)2 !  

	 	 0   	  
 ! 	   	
  i  	  Wi ↓ K[u] = V (2k)  k > 1 

 (   	 
	  Zj ↓ K[u] = V (2)  	 j ( t = 1 	  V1 ⊗ V2 ↓ K[u] 

	  ≥ 4 
	    2k "  dimV1 ≥ dimWi > dimV2 = 2
	
  	 dimV1 ≤ dimV2 ( Wi ↓ K[u] = V (2) 
	 i 	
  	 j  	  Zj ↓ K[u] = V (2kj)  kj ≥ 1  

 /  	 
s = 1 	  (V1 ⊗ V2) ↓ K[u] 
 	  ≥ 4 
	    2kj 
	 j
( V1 ↓ K[u] = V (2) 	
 V1 ⊗ V2 = ⊕tj=1V (2kj)2 1	 	 	

	   	 ! ≤ 2  V1 ⊗ V2 	 kj   
 "!

  	
 	!  	  1 ≤ k1 < · · · < kt  V1 	
 V2 	 	
	
 (      
    	

 
+           	
   (
22 '    	  	  ( 22-
  	   G = SL(V ) dimV ≥ 2 G = Sp(V ) dimV ≥ 2 
G = SO(V ) dimV ≥ 5 	
 V   ﬁ    K
  
   u ∈ G   X    
  
   G       
   
 
  	

X   G!  u  " 
 	#
)	* G = SL(V ) X = Sp(V ) dimV   X = SO(V ) p = 2  dimV 
 u     
)* G = Sp(V ) p = 2 dimV > 2 X = SO(V )  
   $ %
 u  
     	
 G = SO(V )  p = 2  dimV    X   	
  	 	 1	 
	 u 	 	 	 
   2
 X  	 		 		
 

 G = Sp(V )  G = SO(V )  V = W ⊕ W⊥  W  	 	

	  V   X = stabG(W )
◦  	 V ↓ K[u] ∼= ⊕ti=1 Vdi ⊕⊕sj=1 Vd′j 
 di, d
′
j ≥ 1  	    
• dimW =∑ti=1 di
•  p = 2 	 G = SO(V )   t ≡ 0 mod 2
 V = V1 ⊗ V2  dimV1 ≤ dimV2 	     
 G = SO(V )  p = 2  dimV1 = 2  X = Sp(V1)⊗Sp(V2)  	  	
 V ↓ K[u]   !!"  #	  V (2d1)2 + · · · +
V (2dt)
2   1 ≤ d1 < · · · < dt  	 di    	 i
 G = Sp(V )  G = SO(V )  p = 2  X  	  $ %%& "  " 
"' 	  m = dimV1 	 n = dimV2     

• $ 	 (m,n)  	    S  (ﬁ &&%   	
V ↓ K[u] ∼=⊕mi=1 Vm+n−2i+1   	 V ↓ K[u] ∼= Vm ⊗ Vn"
• $   1 ≤ n1 < n2 < · · · < nt  	
∑t
i=1 ni = n 
ni ≡ ni′ mod 2  	 1 ≤ i, i′ ≤ t  ni−ni−1 ≥ 2m  	 2 ≤ i ≤ t 
 	 (m,ni)  	    S  (ﬁ &&% 
	 1 ≤ i ≤ t  	
V ↓ K[u] ∼=
min(m,n1)⊕
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   J ⊆ Δ  λ = ∑li=1 ciωi ∈ X(T )+
  PJ  	 
 
   J 	   
 PJ =
LJ QJ  	
LG(λ)
QJ = 〈Vμ : μ = λ−
∑
αi∈J
kiαi, 	 ki ∈ Z≥0〉

LG(λ)
QJ ↓ L′J ∼= LL′J (λ
′)
	 λ′ =
∑
αi∈J ciω
′
i
 	


   J ⊆ Δ  λ = ∑αi∈J ciωi ∈ X(T )+   PJ  	

 
   J 	   
 PJ = LJ QJ  	
mLG(λ)(μ) = mLL′
J
(λ′)(μ
′)  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G λ  	
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  
 dimLG(λ) mu(λ)
C2 2ω2 14 8
ω1 + ω2 16 7
2ω1 + ω2 25 10
C3 ω1 + ω2 50 13
ω1 + ω3 57 14
ω2 + ω3 62 17
2ω3 63 18
2ω2 90 16
4ω1 126 20
C4 ω1 + ω2 112 19
ω1 + ω4 240 23
2ω2 266 24
ω1 + ω3 279 22
ω3 + ω4 312 31
2ω4 313 32
4ω1 330 28
ω2 + ω3 504 27
ω2 + ω4 513 28
2ω1 + ω2 558 26
C5 ω1 + ω2 210 25
2ω2 615 32
C6 ω1 + ω2 352 31
2ω2 1221 40
4ω1 1365 44
ω1 + ω3 1924 38
2ω1 + ω2 2847 42
ω2 + ω3 3432 47
ω1 + ω5 3638 46
ω1 + ω6 3652 47
C7 ω1 + ω2 546 37
2ω2 2184 48
4ω1 2380 52
ω1 + ω3 3795 46
2ω1 + ω2 5355 50
ω2 + ω3 7098 57
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 M 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  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ωi, 2ω1, 3ω1
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G λ  	
  
 dimLG(λ) mu(λ)
C8 ω1 + ω2 800 43
2ω2 3620 56
4ω1 3876 60
ω1 + ω3 6749 54
C9 ω1 + ω2 1122 49
2ω2 5661 64
4ω1 5985 68
ω1 + ω3 11154 62
2ω1 + ω2 14193 66
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 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ωi, 2ω1, 3ω1
G λ  	
  
 dimLG(λ) mu(λ)
B3 2ω3 35 12
ω1 + ω3 48 12
ω1 + ω2 63 16
ω2 + ω3 64 16
3ω3 104 18
2ω1 + ω3 120 18
2ω2 132 20
ω1 + 2ω3 168 18
B4 ω1 + ω4 112 18
2ω4 126 20
ω1 + ω2 147 22
ω2 + ω4 304 24
ω3 + ω4 336 28
2ω2 369 28
4ω1 450 32
3ω4 544 30
ω1 + ω3 558 26
2ω1 + ω4 576 26
ω2 + ω3 579 32
B5 ω1 + ω2 264 28
ω1 + ω5 320 25
2ω5 462 30
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G λ  	
  
 dimLG(λ) mu(λ)
B6 ω1 + ω2 416 34
ω1 + ω6 768 33
2ω2 1559 44
2ω6 1716 42
4ω1 1728 48
ω1 + ω3 2847 42
ω2 + ω6 3392 43
B7 ω1 + ω2 650 40
ω1 + ω7 1664 42
2ω2 2715 52
4ω1 2940 56
ω1 + ω3 5250 50
2ω7 6435 56
2ω1 + ω2 6798 54
B8 ω1 + ω2 935 46
ω1 + ω8 4096 52
2ω2 4251 60
4ω1 4540 64
B9 ω1 + ω2 1273 52
2ω2 6763 68
4ω1 7124 72
ω1 + ω9 9216 63
ω1 + ω3 14193 66
2ω1 + ω2 17424 70
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  
 λ = ωi, 2ω1, 3ω1
G λ LG(λ) ↓ K[u]
C2 p = 3 2ω2 [5, 9]
ω1 + ω2 [2, 6, 8]
2ω1 + ω2 [7, 9
2]
C3 p = 5 ω2 + ω3 [10
2, 12, 152]
2ω3 [10
2, 13, 152]
B3 p = 5 2ω3 [1, 5, 7, 9, 13]
ω1 + ω3 [3, 5, 7, 9, 11, 13]
ω2 + ω3 [5, 7, 10
2, 15, 17]
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|Wμ|
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 λ = bωi  1 ≤ i ≤ l − 1  b ≥ 2

    4 ≤ i ≤ l − 1   μ = λ − αi    μ ∈
X(T )+  a′i−1a
′
i+1 = 0  i = 3   μ = λ − α2 − 2α3 − α4
   μ ∈ X(T )+  a′1a′5 = 0  i = 2  b ≥ 3  
μ = λ − α1 − 3α2 − 2α3 − α4    μ ∈ X(T )+  a′1a′5 = 0
 i = 1  b ≥ 6   μ = λ − 4α1 − 3α2 − 2α3 − α4  
μ ∈ X(T )+  a′1a′5 = 0      |Wμ| > 4l4 + 2l2
    	  	
     λ = 3ω2  λ = bω1  3 ≤ b ≤ 5 
λ = 3ω2  λ = bω1  4 ≤ b ≤ 5  ﬁ  ! μ ∈ X(T )+ 
λ  μ  |Wμ| > (mu(λ)+2)24  "# $ ##  λ = 3ω1  
ﬁ  mu(λ) = 3n − 3 % λ  μ  μ = ω3 & 
ﬁ  dimLG(3ω1) ≥ |Wλ|+ |Wμ| = 2l + 23
(
l
3
)
> (mu(λ)+2)
2
4 
## l ≥ 10   ''	
λ μ ≺ λ λ− μ |Wμ| mu(λ)
ω1 + ω4 ω5 α1 + α2 + α3 + α4 2
5
(
l
5
)
5n− 17
ω2 + ω3 ω5 α1 + 2α2 + 2α3 + α4 2
5
(
l
5
)
5n− 13
2ω1 + ω3 ω5 2α1 + 2α2 + 2α3 + α4 2
5
(
l
5
)
5n− 11
ω1 + ω3 ω4 α1 + α2 + α3 2
4
(
l
4
)
4n− 10
3ω1 + 2ω2 ω1 + ω6 3α1 + 4α2 + 3α3 + 2α4 + α5 2
6
(
l
6
) · 6 7n− 11
2ω1 + 2ω2 ω1 + ω5 2α1 + 3α2 + 2α3 + α4 2
5
(
l
5
) · 5 6n− 10
ω1 + 2ω2 ω5 2α1 + 3α2 + 2α3 + α4 2
5
(
l
5
)
5n− 9
3ω1 + ω2 ω5 3α1 + 3α2 + 2α3 + α4 2
5
(
l
5
)
5n− 7
2ω1 + ω2 ω4 2α1 + 2α2 + α3 2
4
(
l
4
)
4n− 6
ω1 + ω2 ω3 α1 + α2 2
3
(
l
3
)
3n− 5
2ω2 ω4 α1 + 2α2 + α3 2
4
(
l
4
)
4n− 8
5ω1 ω5 4α1 + 3α3 + 2α2 + α1 2
5
(
l
5
)
5n− 5
4ω1 ω4 3α1 + 2α2 + α3 2
4
(
l
4
)
4n− 4
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 "( Bl n = 2l+1	  ( Cl n = 2l	
   (ﬁ λ ∈ X(T )+
! μ ≺ λ %  μ ∈ X(T )+  |Wμ| > (mu(λ)+2)24  ## l ≥ 10
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l ≥ 2  λ ∈ X(T )+   	 p
   
 
  	
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		 	   > p p = 2  
u ∈ G     > p 	  
 LG(λ) 	  	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 λ = ωi   	  1 ≤ i ≤ l
 λ = 2ω1
 λ = 3ω1
 G = C2 u 	   
 
 
 p = 3 
 λ ∈ {ω1 + ω2, 2ω2}
 G = B3 u 	   
 
 
 p = 5 
 λ ∈ {2ω3, ω1 + ω3}
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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   > p  	   	 $%	 %
#  G 	
  > p )%# 
 G 	
  Dl 	 $%	 %
# 	
  > p  	   p < 2l − 1 !%
   #	*  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  p < 2l − 1
!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$%	 %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  G 	
  ps+1  s ≥ 1 
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
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   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%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  G 	
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 %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 -- # 
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   		  4 ≤ l ≤ 9  λ ∈ X(T )+  
 
  p	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 λ = ωi   	  1 ≤ i ≤ l
 λ = 2ω1
   /%
 	 
# % #  G 	
  LG(λ) 	
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
%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 u ∈ G  	 $%	 %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  
 #
'##	    	 dimLG(λ) ≤ M   M = (|u|+1)
2
4  ) 4 ≤ l ≤ 9  
 
	$
 

 	%  |u| 	M  !	 0 	  	

%# p < 2l−1
   % p1
 
	
 LG(λ) 
% 	 dimLG(λ) ≤
M 	 %   	
  2'3. 4 ( !	   
 	
  2'3. 4 	
λ 
% 	 λ = 2ω1, ωi 	 dimLG(λ) ≤ M  5 	 	
 %  	% 
mu(λ)   	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 	  	 λ %$  !	   	
dimLG(λ) >
(mu(λ)+2)2
4   % 	 -- !
 #
  	#
    	
G 	
 		   |u| 	
 		   M
D4 5
2 169
D5 7
2 625
D6 7
2 625
D7 11
2 3721
D8 13
2 7225
D9 13
2 7225
   G = Dl 4 ≤ l ≤ 9 	
 		  |u|    



 u   > p  	
 		   M = (|u|+1)
2
4 
      l ≥ 10	 
 μ =∑li=1 aiωi ∈ X(T )+	    
    |Wμ| > 4l4 + 2l2	
 ai = 0   i ≥ 20	
 aiaj = 0   1 ≤ i < j ≤ l − 2   j ≥ 5	
 aial = 0  aial−1 = 0   3 ≤ i ≤ l − 3	
 a1alal−1 = 0  a2alal−1 = 0	
 a1a2al−1 = 0  a1a2al = 0	
	 
 f(l) = 4l4 + 2l2   !"
 !	 
" W #
 	$	  %

	 &
   i ≤ l − 2 
" 
"   |Wωi| 	 
" 	 	  
' Bl  Cl
	 
" % !	       i = l − 1  i = l ! "
|Wμ| ≥ |Wωi| = 2l−1 	 
 !  " 
 	"! 
"
 2l−1 > f(l) 
 l ≥ 20 "	 !	 !
" 
" (%
 	  	 
"    
"
)
' 2l > f(l)      
 *! 
"   |W (ωi + ωj)| 	 
" 	 	  
' Bl  Cl 	 
"
% !	      
   l ≥ 20 
" % !	    10 ≤ l ≤ 19  % ' '
 %
 %%
 
"
 |Wμ| ≥ |W (ωi + ωl)| = 2l−1
(
l
i
)
> f(l)  
3 ≤ i ≤ l − 3
  +	   
" % !	    l ≥ 20  	 	' 
 ' '
 10 ≤ l ≤ 19
  	    l ≥ 10	 
 u ∈ G    
   λ ∈ X(T )+    p	  u   L(λ)  
    λ = 2ω1  λ = ωi   1 ≤ i ≤ l	
	 
 λ =
∑l
i=1 aiωi !" 0 ≤ ai ≤ p− 1 ,	 
"
 	 



 u  G %
	  LG(λ) 	  	
	" 

 
  %

  
 	 		
	  ai 	  
" 	   -    & 
 	"!

" % "
 	  	
 %		 ! ﬁ  %
%
 !
" /  // '
  	
 
		 	   > p p = 2  
G λ 	 
	 	  dimLG(λ) mu(λ)
D4 ω1 + ω4 56 12
3ω1 104 18
ω1 + ω2 104 16
ω1 + 2ω4 168 18
D5 2ω5 126 20
ω1 + ω5 128 18
ω1 + ω2 190 22
3ω1 210 24
ω4 + ω5 210 20
ω2 + ω5 544 24
3ω5 544 30
2ω2 559 28
2ω1 + ω5 576 26
4ω1 606 32
D6 ω1 + ω6 320 25
3ω1 340 30
ω1 + ω2 340 28
2ω6 462 30
D7 ω1 + ω2 532 34
3ω1 546 36
ω1 + ω7 768 33
2ω7 1716 42
2ω2 1975 44
4ω1 2275 48
ω6 + ω7 3003 42
D8 ω1 + ω2 768 40
3ω1 800 42
ω1 + ω8 1920 42
2ω2 3483 52
4ω1 3605 56
2ω8 6435 56
ω1 + ω3 6900 50
D9 3ω1 1104 48
ω1 + ω2 1104 46
ω1 + ω9 4096 52
2ω2 5490 60
4ω1 5644 64
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	   G  
 Dl 4 ≤ l ≤ 9  2 < p < 2l − 1 	 p
 
 LG(λ)   ≤ M   M    	  
 λ = 2ω1, ωi
    	
ﬁ 	 μ =
∑l
i=1 a
′
iωi ∈ X(T )+ 
 	 μ  λ 	 |Wμ| > 4l4 + 2l2 
|Wμ| > (mu(λ)+2)24    	     W  

 |Wμ|
 	  a′l = 0 	 a
′
l−1 = 0   !  
 |Wμ| 
  
	
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*	
 " $+ aial−1 = 0  aial = 0   
 3 ≤ i ≤ l − 3+
, |Wλ| > 4l4 + 2l2  '	 (   "$ 
  	 ) μ = λ
*	
 "$+ al−2al−1 = 0  al−2al = 0+
- 	 	 	 	
  λ  
   

al−2al−1 = 0 . 
 	
   μ = λ− αl−2 − αl−1  	& μ ∈ X(T )+
	 a′l−3a
′
l = 0 
 |Wμ| > 4l4 + 2l2  '	 (   "$
*	
 "$+ al−1al = 0+
. a1al−1al = 0  a2al−1al = 0  |Wλ| > 4l4 + 2l2  '	
(   "&$ 	  	 ) μ = λ /
  	
 " $ 	 "$ 
	 	

 	 λ = al−1ωl−1 + alωl . al−1 ≥ 2  al ≥ 2   
μ = λ − αl−2 − αl−1 − αl  	& a′l−1a′l−3 = 0  a′la′l−3 = 0 

|Wμ| > 4l4 + 2l2  '	 (   "$
*
  al−1 = 1 al = 1 
  λ = ωl−1 + ωl . 
 	

mu(λ) = l(l− 1) 	  	 &  	 |Wλ| = 2l−1l > (mu(λ)+2)
2
4  
	 l ≥ 8
*	
 "$+ a2al−1 = 0  a2al = 0+
- 	 	 	 	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  λ  
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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a2al−1 = 0 . a1a2al−1 = 0  |Wλ| > 4l4 + 2l2  '	 (  
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) μ = λ 
  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 a1 = 0 	 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
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 λ = a2ω2 + al−1ωl−1
. al−1 ≥ 2    μ = λ− αl−1  	& μ ∈ X(T )+ 	 a′2a′l−2 = 0

 |Wμ| > 4l4+2l2  '	 (   "$ . a2 ≥ 2    μ = λ−α2
 	& μ ∈ X(T )+ 	 a′3a′l−1 = 0 
 |Wμ| > 4l4 + 2l2  '	
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*
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 a2 = 1 al−1 = 1 
  λ = ω2 + ωl−1 . 
 	

mu(λ) = 2(2l−3)+ l(l−1)2 	  	 &  	 |Wλ| = 2l−2l(l−1) >
(mu(λ)+2)2
4   	 l ≥ 6
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 "($+ a1al−1 = 0  a1al = 0+
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 1 ≤ i ≤ 3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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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 b > 1 
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 λ =
bωl−1  b ≥ 3  
 μ = λ− 2αl−1 − αl−2  	 μ ∈ X(T )+ 
a′l−3a
′
l = 0  |Wμ| > 4l4 + 2l2 +) $ %   

  b = 2  λ = 2ωl−1  l  	  λ  μ 
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μ = ωi ∈ X(T )+  1 ≤ i ≤ l − 2 	 ,"
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  
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) !	∑
1≤i≤l−2
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|Wωi| =
∑
1≤i≤l−2
i   
2i
(
l
i
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=
3l + 1
2
− 2l.
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  
 + ) !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∑
1≤i≤l−2
i 
|Wωi| =
∑
1≤i≤l−2
i 
2i
(
l
i
)
=
3l + 1
2
− 2l.
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 p
   

 
 u ∈ G  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 λ = ω1 
 λ = ω2
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
 p = 3  u  

 32   u 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  λ = ω1 λ = ω2 λ = 2ω1  λ =
ω1 + 2ω2
λ dimLG(λ) LG(λ) ↓ K[u]
ω1 7 [7]
ω2 14 [3,11]
2ω1 27 [5,9,13]
ω1 + ω2 64 [5, 7, 10
2, 15, 17]
3ω1 77 [5
2, 102, 13, 15, 19]
2ω2 77 [1, 5, 10
2, 152, 21]
ω1 + 2ω2 97 [13,15,21,23,25]
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dimLG(λ) >
(mu(λ) + 2)
2
4
	  λ 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 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F4 11
2 3721
E6 11
2 3721
E7 17
2 21025
E8 29
2 177241
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 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
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 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2
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λ ,    dimLG(λ) mu(λ)
2ω4 298 32
2ω1 755 44
ω1 + ω4 1053 38
ω3 + ω4 2404 46
3ω4 2651 48
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 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  dimLG(λ) mu(λ)
2ω1 324 32
ω1 + ω6 572 32
ω1 + ω2 1377 38
ω1 + ω3 2404 46
2ω2 2430 44
3ω1 3002 48
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2ω1 5832 68
3ω7 18752 81
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*, λ = ω1  λ = ωl	
*, l ≥ 2  λ = ω1 + ωl	
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 s − 1 ≤ 3 	  s ≤ 4 -   	 2n−1 − s = 2n−2 + 2n−2 − s 

 2n−2 − s − 1 ≤ 3 	  2n−2 ≤ s + 4 ≤ 8 + n ≤ 5 	 
r = 2n−1 + s ≤ 24 + 4 = 20
.
 + (   
 	 ∧2(Vr)  1 ≤ r ≤ 20 /
+ 0 	   
 
 	 
 	    ∧2(Vr) 	  ≤ 3 
	     	  3 	 r ≤ 12
"         
 1   +  
 
# 
	

  Vr ⊗ Vs  2 ≤ r ≤ s ≤ 12  r 	 s  # + 	 

    	 
    /   23$230 
 	 
 
#   	
	    
 &4   +  )
 &$'( 5 )
 		   V = Vr1 ⊕ · · · ⊕ Vrt   K[u] 	 2 ≤ r1 ≤ r2 ≤
· · · ≤ rt   	 	   u  ∧2(V )   ﬁ  !"#
   	 $ 	
/
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	 LG(ω2)  G 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 Cl p = 2  
∧2(V2 ⊕ V2) = [12, 22]
∧2(V2 ⊕ V4) = [1, 2, 43]
∧2(V2 ⊕ V6) = [12, 63, 8]
∧2(V2 ⊕ V8) = [1, 4, 85]
∧2(V2 ⊕ V10) = [12, 6, 8, 102, 14, 16]
∧2(V2 ⊕ V12) = [1, 2, 4, 123, 163]
∧2(V4 ⊕ V6) = [1, 2, 43, 6, 83]
∧2(V4 ⊕ V10) = [1, 2, 4, 6, 83, 122, 14, 16]
∧2(V6 ⊕ V12) = [1, 2, 4, 6, 83, 123, 165]
	 (r1, r2) 
  (2, 2) 	 (2, 10)
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   (221)
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   (21, 101)
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 [2, 8
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l   u 	
   u   L(ω2)
2 

 [4]
2 (221) [2
2]
3 

 [6, 8]
5 

 [6, 8, 14, 16]
6 (21, 101) [6, 8, 10
2, 14, 16]
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    
    u  G = Cl   L(ω2)  
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 
r ∧2(Vr)
1 
2 [1]
3 [3]
4 [2, 4]
5 [3, 7]
6 [1, 6, 8]
7 [5, 82]
8 [4, 83]
9 [5, 82, 15]
10 [1, 6, 8, 14, 16]
r ∧2(Vr)
11 [3, 7, 13, 162]
12 [2, 4, 12, 163]
13 [3, 11, 164]
14 [1, 10, 165]
15 [9, 166]
16 [8, 167]
17 [9, 166, 31]
18 [1, 10, 165, 30, 32]
19 [3, 11, 164, 29, 322]
20 [2, 4, 12, 163, 28, 323]
    ∧2(Vr) 
 1 ≤ r ≤ 20
r
s
2 4 6 8 10 12
2 [22] [42] [62] [82] [102] [122]
4 [44] [42, 82] [84] [82, 122] [124]
6 [22, 84] [86] [84, 142] [82, 122, 162]
8 [88] [86, 162] [84, 164]
10 [22, 84, 164] [42, 82, 166]
12 [44, 168]
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 2 ≤ r, s ≤ 12 !
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	 LG(2ω1)  G 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  LG(2ω1)
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S2(V ) ∼=
{
L(2ω1)⊕ L(0)  p  n,
L(0)/L(2ω1)/L(0) 	  p | n.
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  		 e1, . . . , en  V 	
 
(ei, ej) =
{
(−1)min{i,j}  i+ j = n+ 1,
0 	
"  	 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  	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 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 γ ∈ S2(V )    /(
l∑
i=1
(−1)ieien+1−i
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+
1
2
(−1)l+1e2l+1.
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 /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γ =
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i=1
(−1)ieien+1−i.
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  /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 t = 2  V = Vm ⊕ Vn  
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
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(
 
  u  S2(Vm) 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 n 
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	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	 u ∈ G 	 	 mu(ω3) = 3(2l− 3) =
6l − 9  .	
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dimL(ω3) ≥
(
2l
3
)
− 4l > (mu(ω3) + 2)
2
4
 l ≥ 7 			  .	
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  l ≥ 7
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	 mu(ω3) " 	  
ω3 = α1 + 2α2 + 3α3 + · · ·+ 3αl−1 + 3
2
αl.
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dimL(ω3) <
(mu(ω3) + 2)
2
4
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L(ω3)   "	 $	 		
	
! 	 	 		 u  	"  l = 6   V ↓ K[u] = V12 8
.	

 -   	 dimL(ω3) = 208  p = 5  dimL(ω3) = 196  p = 5
 p = 5 	 u  	 52 8 	 dimL(ω3) = 196 
(52+1)2
4 = 169 
 .	
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 L(ω3) 9$$	 	  p = 5 :" 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	 ∧3(V ) ∼=
L(ω3) ⊕ V  + 
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  	 = 12 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$ ≥ 2  ∧3(V12)   u
	 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 "	 $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 3 ≤ l ≤ 5 	 V ↓ K[u] = V2l
! l ≡ 1 mod p  
  l = 4 p = 3  dimL(ω3) = 40 " 
 !   u  	 32  (3
2+1)2
4 = 25 < 40 	 "     
	 	 u 	 L(ω3)  	 
! l ≡ 1 mod p  ∧3(V ) ∼= L(ω3) ⊕ V "   #	
 $ 
			 	 ∧3(V2l) 	 3 ≤ l ≤ 5 	  %" & 	  "	$ 	
' 2l   			 	 L(ω3) ↓ K[u] %  	 			   
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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 G = SL(V ) 
 dimV = d ≥ 4 )*   	  u ∈ G 
	 	
 V ↓ K[u] = Vd ! %" & 
    			 	 
K[u]+	 ∧3(Vd) 	 		"  % " 
 
"  	 	  		
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 $	
  ∧3(V ) ∼= L(ω3)  "  &,- 
  mu(ω3) = 3d−9 !
		
  	  &,.  	  p > 3d−9  			 	 ∧3(Vd)
   % 	   d 
  ﬁ   	" 			 	
∧3(Vd) 
  ﬁ 		/ ﬁ 
 	 ∧3(Vd) 	  2 < p ≤ 3d− 9 
  	    p > 3d − 9 )	  	    %" & 
		  " 0$ 	 
   	  	 	
d ∧3(Vd) p
4 [4] p ≥ 3
5 [3, 7] p = 3
[52] p = 5
[3, 7] p ≥ 7
6 [62, 8] p = 3
[4, 6, 10] p = 5
[6, 72] p = 7
[4, 6, 10] p ≥ 11
7 [1, 7, 93] p = 3
[1, 5, 7, 9, 13] p = 5
[75] p = 7
[1, 5, 7, 112] p = 11
[1, 5, 7, 9, 13] p ≥ 13
8 [2, 96] p = 3
[52, 8, 10, 12, 16] p = 5
[6, 72, 8, 142] p = 7
[4, 8, 114] p = 11
[4, 6, 8, 12, 132] p = 13
[4, 6, 8, 10, 12, 16] p ≥ 17
9 [3, 99] p = 3
[52, 104, 15, 19] p = 5
[3, 72, 9, 11, 142, 19] p = 7
[7, 117] p = 11
[3, 7, 9, 135] p = 13
[3, 72, 9, 11, 13, 172] p = 17
[3, 72, 9, 11, 13, 15, 19] p ≥ 19
d ∧3(Vd) p
10 [2, 96, 10, 183] p = 3
[108, 202] p = 5
[4, 72, 102, 12, 14, 16, 18, 22] p = 7
[10, 1110] p = 11
[6, 10, 138] p = 13
[4, 6, 8, 102, 14, 174] p = 17
[4, 6, 8, 102, 12, 14, 18, 192] p = 19
[4, 6, 8, 102, 12, 14, 16, 18, 22] p ≥ 23
11 [1, 7, 94, 122, 184, 25] p = 3
[1, 5, 9, 104, 153, 19, 21, 25] p = 5
[1, 73, 9, 11, 13, 142, 17, 19, 21, 25] p = 7
[1115] p = 11
[9, 1312] p = 13
[1, 5, 7, 9, 11, 13, 177] p = 17
[1, 5, 7, 92, 11, 13, 15, 195] p = 19
[1, 5, 7, 92, 11, 132, 15, 17, 19, 232] p = 23
[1, 5, 7, 92, 11, 132, 15, 17, 19, 21, 25] p ≥ 29
12 [62, 8, 126, 183, 242, 26] p = 3
[4, 6, 8, 102, 122, 152, 16, 18, 20, 24, 252] p = 5
[74, 12, 145, 16, 212, 24, 28] p = 7
[10, 1110, 12, 224] p = 11
[12, 1316] p = 13
[4, 8, 10, 12, 16, 1710] p = 17
[4, 6, 8, 10, 122, 16, 198] p = 19
[4, 6, 8, 102, 122, 14, 162, 20, 234] p = 23
[4, 6, 8, 102, 122, 14, 162, 18, 20, 22, 24, 28] p ≥ 29
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  ∧3(Vd)  4 ≤ d ≤ 12
  	

	 LG(3ω1)  G   
 p = 2, 3  
G u  	
	  u mu(ω3) dimL(ω3)
C6 [2, 10] 222202 21 208 p = 5 196 p = 5
C6 [4, 8] 220202 15 208 p = 5 196 p = 5
C6 [2, 4, 6] 202002 11 208 p = 5 196 p = 5
C5 [2, 8] 22202 15 110
C5 [4, 6] 20202 11 110
C4 [2, 6] 2202 9 48 p = 3 40 p = 3
C3 [2, 4] 202 5 14
	  	  mu(ω3)  
	 
   u 
Cl   3 ≤ l ≤ 6
  	

	 LG(3ω1)  G   

p = 2, 3
   p = 2, 3	
! 	 G    "	"	  #  "     
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 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 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
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 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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  G        Bl l ≥
2 Cl l ≥ 2  Dl l ≥ 4	   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G u   > p u   p
C2  p ≥ 11
C3  p ≥ 17
B2  p ≥ 13
B3  p ≥ 19
	   u ∈ G 
	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 L(3ω1) 	 	 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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 Dl
#  "  G = SO(V )   dimV = 2l + 1 l ≥ 2  dimV =
2l l ≥ 4 + "	 ﬁ  "  L(3ω1) 	 	 -  
" " S3(V ) 	     
 	  "     
 	
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S3(V ) ∼=
{
L(3ω1)⊕ L(ω1)  p | dimV + 2,
L(ω1)/L(3ω1)/L(ω1)   p  dimV + 2.
    	
  	
   dimL(3ω1) ≥
(
dimV+2
3
)− 2 dimV 
  	
  
    u ∈ G 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 	 
   u  
L(3ω1)   	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  u  	
  dimV = 5
dimV = 7  dimV = 9
  n = dimV   u ∈ G       !"   
#$ % &'
mu(3ω1) = 3mu(ω1) =
{
3(n− 1) ( n  ))
3(n− 2) ( n  '
*&  "    
# % &' dimL(3ω1) ≥
(
n+2
3
)− 2n 	%
dimL(3ω1) ≥
(
n+ 2
3
)
− 2n > (mu(3ω1) + 2)
2
4
+,-
( n = 8  n ≥ 10   (% (       &     (
G   L(3ω1)   )&)    ( n = 8  n ≥ 10
.( n ≤ 7 &  )&)    ( G   " /
 #$$ 	 & %    n ≥ 8 ( n  ))  %  )  & 
&     ) &  %& n = 9 .( u ∈ G   )&) /
   &    & "  #$$ &   u  
&   ) " [1, 3, 5] . &  mu(3ω1) = 3mu(ω1) = 12 )
dimL(3ω1) ≥ 147 "    
# & 0" +,- &) !"      
&   u )  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&)   
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 %&  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u ∈ G       ) dimV = 5 dimV = 7  dimV = 9
.( p  dimV + 2 & S3(V ) ∼= L(3ω1) ⊕ V "    
# ) & &  
(% ( & )  1 #  & & p | dimV + 2 1& &
dimV = 5 ) p = 7  dimV = 9 ) p = 11 . &  u & ) p )
dimL(3ω1) >
(p+1)2
4   u )     )&)    
L(3ω1) "       1&   & ( (  
  ( G (
" Bl ) Dl
   Cl
. &   G = Sp(V ) %& dimV = 2l +l ≥ 2- . &  % &'
L(3ω1) ∼= S3(V ) +      )   +-  	
  ##
+&--  dimL(3ω1) =
(
2l+2
3
)

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   u   L(3ω1)   	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 u  	
  l ≤ 4
  u ∈ G       1& mu(3ω1) = 3mu(ω1) =
3(2l − 1) = 6l − 3 "    #$ 1& % &'
dimL(3ω1) =
(
2l + 2
3
)
>
(mu(3ω1) + 2)
2
4
+,-
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	 LG(3ω1)  G  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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 p = 2, 3  
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 l = 3  u     
[2, 4]  dimL(3ω1) = 56 mu(3ω1) = 9	 
 l = 4  u    
 [2, 6]  dimL(3ω1) = 120 mu(3ω1) = 15	 #   	 	  
" 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  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 G = SL(V )  dimV = d ≥ 4	 ()     u ∈ G 
 V ↓ K[u] = Vd	 
 # 	'        K[u]"
 S3(Vd)   	 #     
    # 	'	 *      S3(V ) ∼=
L(3ω1)  p > 3  mu(3ω1) = 3d − 3	 
     	+	, 
  ﬃ   S3(Vd)   2 < p ≤ 3d − 3     
p > 3d− 3	
d S3(Vd) p
4 [2, 3, 6, 9] p = 3
[54] p = 5
[6, 72] p = 7
[4, 6, 10] p ≥ 11
5 [3, 5, 93] p = 3
[57] p = 5
[75] p = 7
[1, 5, 7, 112] p = 11
[1, 5, 7, 9, 13] p ≥ 13
6 [3, 8, 95] p = 3
[54, 102, 16] p = 5
[78] p = 7
[4, 8, 114] p = 11
[4, 6, 8, 12, 132] p = 13
[4, 6, 8, 10, 12, 16] p ≥ 17
7 [3, 99] p = 3
[52, 7, 102, 13, 15, 19] p = 5
[712] p = 7
[7, 117] p = 11
[3, 7, 9, 135] p = 13
[3, 72, 9, 11, 13, 172] p = 17
[3, 72, 9, 11, 13, 15, 19] p ≥ 19
d S3(Vd) p
8 [3, 913] p = 3
[4, 6, 8, 102, 12, 152, 202] p = 5
[78, 143, 22] p = 7
[10, 1110] p = 11
[6, 10, 138] p = 13
[4, 6, 8, 102, 14, 174] p = 17
[4, 6, 8, 102, 12, 14, 18, 192] p = 19
[4, 6, 8, 102, 12, 14, 16, 18, 22] p ≥ 23
9 [3, 918] p = 3
[1, 5, 9, 104, 152, 204] p = 5
[75, 9, 144, 19, 21, 25] p = 7
[1115] p = 11
[9, 1312] p = 13
[1, 5, 7, 9, 11, 13, 177] p = 17
[1, 5, 7, 92, 11, 13, 15, 195] p = 19
[1, 5, 7, 92, 11, 132, 15, 17, 19, 232] p = 23
[1, 5, 7, 92, 11, 132, 15, 17, 19, 21, 25] p ≥ 29
10 [4, 913, 184, 27] p = 3
[108, 207] p = 5
[6, 72, 8, 10, 12, 143, 16, 18, 212, 24, 28] p = 7
[1120] p = 11
[12, 1316] p = 13
[4, 8, 10, 12, 16, 1710] p = 17
[4, 6, 8, 10, 122, 16, 198] p = 19
[4, 6, 8, 102, 122, 14, 162, 20, 234] p = 23
[4, 6, 8, 102, 122, 14, 162, 18, 20, 22, 24, 28] p ≥ 29
# 	'. /  S3(Vd)  4 ≤ d ≤ 10	
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LG(ωl)              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  G  p     		
G %  u u   > p u   p
D4  p = 3, 5 p ≥ 7
D4 [5, 3] p = 3 p ≥ 5
D5  p = 3, 5, 7 p ≥ 11
D5 [7, 3] p = 3, 5 p ≥ 11
D6  p = 3, 5, 7 p ≥ 17
D6 [9, 3] p = 7 p ≥ 13
D7  p = 3, 5 p ≥ 23
D7 [11, 3] p = 7 p ≥ 17
D8  p = 11 p ≥ 29
D9   p ≥ 37
B3  p = 3, 5 p ≥ 7
B4  p = 3, 5, 7 p ≥ 11
B5  p = 3, 5, 7 p ≥ 17
B6  p = 3, 5 p ≥ 23
B7  p = 11 p ≥ 29
B8   p ≥ 37
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G u 	 	
  u mu(ωl) dimLG(ωl)
D10 [19, 1] 2222222222 45 512
[17, 3] 2222222022 37 512
[15, 5] 2222202022 31 512
[13, 7] 2220202022 27 512
[11, 9] 2020202022 25 512
[11, 5, 3, 1] 2220200200 19 512
[9, 7, 3, 1] 2020200200 17 512
D9 [17, 1] 222222222 36 256
[15, 3] 222222022 29 256
[13, 5] 222202022 24 256
[11, 7] 220202022 21 256
[9, 5, 3, 1] 220200200 14 256
D8 [15, 1] 22222222 28 128
[13, 3] 22222022 22 128
[11, 5] 22202022 18 128
[9, 7] 20202022 16 128
[7, 5, 3, 1] 20200200 10 128
D7 [13, 1] 2222222 21 64
[11, 3] 2222022 16 64
[9, 5] 2202022 13 64
D6 [11, 1] 222222 15 32
[9, 3] 222022 11 32
[7, 5] 202022 9 32
D5 [9, 1] 22222 10 16
[7, 3] 22022 7 16
    mu(ωl)  	


	 
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 u 
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5 ≤ l ≤ 10
   	
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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G u  	
  u mu(ωl) dimLG(ωl)
B9 [19] 222222222 45 512
[15, 3, 1] 222222020 29 512
[13, 5, 1] 222202020 24 512
[11, 7, 1] 220202020 21 512
[11, 5, 3] 222020020 19 512
[9, 7, 3] 202020020 17 512
B8 [17] 22222222 36 256
[13, 3, 1] 22222020 22 256
[11, 5, 1] 22202020 18 256
[9, 7, 1] 20202020 16 256
[9, 5, 3] 22020020 14 256
B7 [15] 2222222 28 128
[11, 3, 1] 2222020 16 128
[9, 5, 1] 2202020 13 128
[7, 5, 3] 2020020 10 128
B6 [13] 222222 21 64
[9, 3, 1] 222020 11 64
[7, 5, 1] 202020 9 64
B5 [11] 22222 15 32
[7, 3, 1] 22020 7 32
B4 [9] 2222 10 16
[5, 3, 1] 2020 4 16
B3 [7] 222 6 8
    mu(ωl)  		
	 	  u 	 Bl 
3 ≤ l ≤ 9
    	
G LG(ωl) ↓ K[u] p
D10 [4, 94, 184, 22, 2714] p = 3
[102, 12, 152, 2518] p = 5
[6, 72, 145, 16, 214, 22, 284, 32, 352, 40, 46] p = 7
[10, 116, 14, 228, 28, 334, 40, 46] p = 11
[4, 6, 10, 134, 16, 182, 20, 222, 263, 28, 30, 32, 34, 36, 40, 46] p = 13
[10, 1714, 26, 347] p = 17
[18, 1926] p = 19
[4, 10, 16, 22, 2320] p = 23
[4, 6, 102, 14, 162, 18, 20, 22, 28, 2912] p = 29
[4, 6, 102, 12, 14, 16, 182, 20, 22, 24, 28, 3110] p = 31
[4, 6, 102, 12, 14, 162, 182, 20, 222, 24, 26, 28, 30, 32, 36, 374] p = 37
[4, 6, 102, 12, 14, 162, 182, 20, 222, 24, 26, 282, 30, 32, 34, 40, 412] p = 41
[4, 6, 102, 12, 14, 162, 182, 20, 222, 24, 26, 282, 30, 32, 34, 36, 432] p = 43
[4, 6, 102, 12, 14, 162, 182, 20, 222, 24, 26, 282, 30, 32, 34, 36, 40, 46] p ≥ 47
D9 [94, 13, 184, 275] p = 3
[1, 7, 102, 15, 17, 21, 257] p = 5
[1, 7, 9, 11, 142, 17, 19, 21, 23, 25, 27, 31, 37] p = 7
[1, 7, 113, 15, 17, 19, 222, 25, 27, 31, 37] p = 11
[1, 7, 9, 133, 17, 19, 21, 23, 262, 31, 37] p = 13
[1, 1715] p = 17
[9, 1913] p = 19
[1, 7, 11, 13, 17, 239] p = 23
[1, 7, 9, 11, 13, 15, 17, 19, 23, 25, 294] p = 29
[1, 7, 9, 11, 13, 15, 17, 19, 21, 23, 27, 313] p = 31
[1, 7, 9, 11, 13, 15, 17, 19, 21, 23, 25, 27, 31, 37] p ≥ 37
D8 [7, 9, 122, 182, 25, 27] p = 3
[104, 202, 23, 25] p = 5
[72, 142, 15, 212, 29] p = 7
[5, 9, 11, 15, 17, 19, 23, 29] p = 11
[5, 134, 19, 262] p = 13
[9, 177] p = 17
[5, 11, 17, 195] p = 19
[5, 9, 11, 15, 19, 233] p = 23
[5, 9, 11, 15, 17, 19, 23, 29] p ≥ 29
D7 [4, 10, 12, 16, 22] p = 3
[4, 10, 12, 16, 22] p = 5
[72, 142, 22] p = 7
[4, 112, 16, 22] p = 11
[12, 134] p = 13
[4, 10, 16, 172] p = 17
[4, 10, 12, 192] p = 19
[4, 10, 12, 16, 22] p ≥ 23
D6 [6, 10, 16] p = 3
[6, 10, 16] p = 5
[6, 10, 16] p = 7
[10, 112] p = 11
[6, 132] p = 13
[6, 10, 16] p ≥ 17
D5 [7, 9] p = 3
[5, 11] p = 5
[5, 11] p = 7
[5, 11] p ≥ 11
 	
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5 ≤ l ≤ 10

   	
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 p = 2  
G LG(ωl) ↓ K[u] p
D8 [3, 5, 9, 11, 122, 15, 17, 21, 23] p = 3
[3, 5, 102, 11, 13, 15, 17, 21, 23] p = 5
[74, 144, 21, 23] p = 7
[3, 5, 114, 15, 17, 222] p = 11
[11, 139] p = 13
[3, 5, 9, 11, 15, 175] p = 17
[3, 5, 9, 112, 13, 194] p = 19
[3, 5, 9, 112, 13, 15, 17, 21, 23] p ≥ 23
D7 [62, 9, 11, 15, 17] p = 3
[5, 7, 102, 15, 17] p = 5
[5, 7, 9, 11, 15, 17] p = 7
[9, 115] p = 11
[5, 7, 134] p = 13
[5, 7, 9, 11, 15, 17] p ≥ 17
G K[u] ↓ LG(ωl) p
D6 [6, 8, 92] p = 3
[52, 10, 12] p = 5
[4, 6, 10, 12] p = 7
[4, 6, 112] p = 11
[4, 6, 10, 12] p ≥ 13
D5 [2, 6, 8] p = 3
[2, 6, 8] p = 5
[2, 72] p = 7
[2, 6, 8] p ≥ 11
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l   u 	
  u  L(ωl)
3    21,61
3 (21, 41) 4
2
0
4    821
4 (21,61) 2
2
1,6
2
1
4 (421) 4
4
1
4 (221, 41) 4
4
0
5    21,61,101,141
5 (21, 81) 8
4
0
5 (41, 61) 4
4
0, 8
2
0
5 (221, 61) 2
4
1, 6
4
1
5 (21, 4
2
1) 4
8
0
6  421, 12
2
1, 16
2
0
6 (21,101) 2
2
1,6
2
1,10
2
1,14
2
1
6 (41, 81) 8
8
0
6 (221, 81) 8
8
0
6 (621) 2
4
1, 6
4
1, 8
4
0
6 (21, 41, 61) 4
8
0, 8
4
0
6 (221, 4
2
1) 4
16
0
7  21, 61, 101, 141, 16
6
0
7 (21, 121) 4
4
0, 12
4
0, 16
4
0
7 (41, 101) 4
4
0, 8
4
0, 12
4
0, 16
2
0
7 (221, 101) 2
4
1, 6
4
1, 10
4
1, 14
4
1
7 (61, 81) 8
16
0
7 (21, 41, 81) 8
16
0
7 (21, 6
2
1) 2
8
1, 6
8
1, 8
8
0
7 (421, 61) 4
16
0 , 8
8
0
7 (221, 41, 61) 4
16
0 , 8
8
0
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   u  LG(ωl)
8 (161) 16
16
1
8 (21, 141) 2
2
1, 6
2
1, 10
2
1, 14
2
1, 16
12
0
8 (41, 121) 4
8
1, 12
8
1, 16
8
0
8 (221, 121) 4
8
0, 12
8
0, 16
8
0
8 (61, 101) 2
4
1, 6
4
1, 8
8
0, 10
4
1, 14
4
1, 16
4
0
8 (21, 41, 101) 4
8
0, 8
8
0, 12
8
0, 16
4
0
8 (821) 8
32
1
8 (21, 61, 81) 8
32
0
8 (421, 81) 8
32
0
8 (221, 41, 81) 8
32
0
8 (41, 6
2
1) 4
16
0 , 8
24
0
8 (221, 6
2
1) 2
16
1 , 6
16
1 , 8
16
0
8 (21, 4
2
1, 61) 4
32
0 , 8
16
0
9 (181) 21, 61, 101, 141, 16
12
0 , 181, 221, 261, 301, 32
6
0
9 (21, 161) 16
32
0
9 (41, 141) 4
4
0, 8
4
0, 12
4
0, 16
26
0
9 (221, 141) 2
4
1, 6
4
1, 10
4
1, 14
4
1, 16
24
0
9 (61, 121) 4
8
0, 8
8
0, 12
8
0, 16
20
0
9 (21, 41, 121) 4
16
0 , 12
16
0 , 16
16
0
9 (81, 101) 8
32
0 , 16
16
0
9 (21, 61, 101) 2
8
1, 6
8
1, 8
16
0 , 10
8
1, 14
8
1, 16
8
0
9 (421, 101) 4
16
0 , 8
16
0 , 12
16
0 , 16
8
0
9 (221, 41, 101) 4
16
0 , 8
16
0 , 12
16
0 , 16
8
0
9 (21, 8
2
1) 8
64
0
9 (41, 61, 81) 8
64
0
9 (221, 61, 81) 8
64
0
9 (21, 4
2
1, 81) 8
64
0
9 (21, 41, 6
2
1) 4
32
0 , 8
48
0
9 (221, 4
2
1, 61) 4
64
0 , 8
32
0
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(201) 4
4
1, 12
4
1, 16
8
0, 20
4
1, 28
4
1, 32
20
0
(21, 181) 2
2
1, 6
2
1, 10
2
1, 14
2
1, 16
24
0 , 18
2
1, 22
2
1, 26
2
1, 30
2
1, 32
12
0
(41, 161) 16
64
0
(221, 161) 16
64
0
(61, 141) 2
4
1, 6
4
1, 8
8
0, 10
4
1, 14
4
1, 16
52
0
(21, 41, 141) 4
8
0, 8
8
0, 12
8
0, 16
52
0
(81, 121) 8
32
0 , 16
48
0
(21, 61, 121) 4
16
0 , 8
16
0 , 12
16
0 , 16
40
0
(421, 121) 4
32
1 , 12
32
1 , 16
32
0
(221, 41, 121) 4
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0 , 12
32
0 , 16
32
0
(1021) 2
8
1, 6
8
1, 8
16
0 , 10
8
1, 14
8
1, 16
40
0
(21, 81, 101) 8
64
0 , 16
32
0
(41, 61, 101) 4
16
0 , 8
48
0 , 12
16
0 , 16
24
0
(221, 61, 101) 2
16
1 , 6
16
1 , 8
32
0 , 10
16
1 , 14
16
1 , 16
16
0
(21, 4
2
1, 101) 4
32
0 , 8
32
0 , 12
32
0 , 16
16
0
(41, 8
2
1) 8
128
0
(221, 8
2
1) 8
128
0
(621, 81) 8
128
0
(21, 41, 61, 81) 8
128
0
(221, 4
2
1, 81) 8
128
0
(421, 6
2
1) 4
64
0 , 8
96
0
(221, 41, 6
2
1) 4
64
0 , 8
96
0
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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 p ≥ 17 16
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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ω1 G2 p = 3, 5 p ≥ 7 6
ω2 G2 p = 3, 5 p ≥ 11 10
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ω4 F4 p = 3, 5, 7, 11 p ≥ 17 16
ω2 E6 p = 5, 7, 11 p ≥ 23 22
ω1 E7 p = 11 p ≥ 37 34
ω7 E7 p = 3, 5, 11, 13, 17 p ≥ 29 27
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p = 7 [1, 74, 13, 142]
p = 11 [1, 5, 9, 115]
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 		  
"
  	
	 	

(
2l
i
)− 2( 2li−2)+ 1 > (mu(ωi)+2)24  		 6 ≤ i ≤ 18
 
 2		
           	  G  
LG(ωi)     	 1 6 ≤ i ≤ 18  i = l i = l − 1
i = l − 2   	         fi = dimLG(ωi)
 .  fi >
(mu(ωi)+2)
2
4       
    
     i ≥ 19 3 p > l  fi =
(
2l
i
)−( 2li−2) 
 2		

  4 5  "
 
(
2l
i
)− ( 2li−2) > (mu(ωi)+2)24  l ≥ i ≥ 6  
 
     	  G   L(ωi)     	
   *   p ≤ l 6
   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   
*        		      dimL(ωi) > 4l
4 + 2l2
7 dimL(ωi) ≥ |Wωi|  W   
	   dimL(ωi) > 4l4 + 2l2
		      ),  	    0     
G = Cl
G u 8
.   u mu(ω4) dimL(ω4)
C5 [2, 8] 22202 16 121 )p = 3, 165 )p > 3,
C5 [4, 6] 20202 12 121 )p = 3, 165 )p > 3,
C4 [2, 6] 2202 10 41 )p = 3, 42 )p > 3,
	 49 :	  mu(ω4)  $	   	 u 
C4  C5
  	 G2
3    " 0      G 	  
 G2
* p = 2  " VG(ω1) = LG(ω1) 7   "  ;+
	  < "  	  0      LG(ω1)
    	
G u  	

  u mu(ω5) dimL(ω5)
C5 [2, 8] 22202 16 122 p = 3 132 p > 3
C5 [4, 6] 20202 12 122 p = 3 132 p > 3

  
  mu(ω5)  
 		    u 
C5
G p LG(ω4) ↓ K[u]
C4 p = 3 [5, 9
4]
p = 5 [5, 102, 17]
p = 7 [72, 142]
p = 11 [9, 113]
p = 13 [5, 11, 132]
p ≥ 17 [5, 9, 11, 17]
C5 p = 3 [9
4, 13, 184]
p = 5 [57, 157, 25]
p = 7 [1, 73, 9, 11, 13, 142, 17, 19, 21, 25]
p = 11 [1115]
p = 13 [9, 1312]
p = 17 [1, 5, 7, 9, 11, 13, 177]
p = 19 [1, 5, 7, 92, 11, 13, 15, 195]
p = 23 [1, 5, 7, 92, 11, 132, 15, 17, 19, 232]
p ≥ 29 [1, 5, 7, 92, 11, 132, 15, 17, 19, 21, 25]

 ! "#  
 
   u ∈ G  LG(ω4)  G = C4 G = C5
p LG(ω5) ↓ K[u]
p = 3 [94, 14, 184]
p = 5 [107, 202, 22]
p = 7 [2, 72, 10, 143, 18, 20, 26]
p = 11 [1112]
p = 13 [2, 1310]
p = 17 [2, 6, 10, 12, 176]
p = 19 [2, 6, 8, 10, 14, 16, 194]
p = 23 [2, 6, 8, 10, 12, 14, 16, 18, 232]
p ≥ 29 [2, 6, 8, 10, 12, 14, 16, 18, 20, 26]

  "#  
 
   u ∈ G  LG(ω5)  G = C5
  	
	  	 p = 2  
 LG(ω2) 	 p = 3
   LG(ω2) ∼= L (G) 	    

    p = 3
      !"#!" $% & 
  ' 	( 	   LG(ω2)     (   
  G
    LG(ω2)   ( )	 *  + 7  
	ﬀ ( 
   	  (  '  (  - (' G → G
 -  p = 3
  	 F4
 G    ' F4 . 	   /     G
% p = 2
    VG(ω1) ∼= LG(ω1) ∼= L (G) 0   
(  
  1     /     LG(ω1)
   	 ( ω2
 	 ﬁ p = 3     ( 
    G  	 33 $ "	- "&
 	 dimLG(ω2) = 1222
' 34  % 1222 > (3
3+1)2
4 
           
  G   LG(ω2)   	( 	    %  
 p > 3 5'  6
  mu(ω2) = 42   (    
u ∈ G 0 dimLG(ω2) = 1274 ' 34  	 1222 > (42+2)
2
4 
  '    
     G   LG(ω2)   	( 	   
7	 -   	 ( ω3  p > 3
  dimLG(ω3) = 273
' 34  	 mu(ω3) = 30   (    u '  6 %
273 > 272 = (30+2)
2
4 
 '          G   LG(ω3)
  	( 	     p = 3
  dimL(ω3) = 196  8
(      G  	 32    $"	- "&
 	
196 > (3
2+1)2
4 
  '        (  	  (   
 u "    !"#!" $% &    p = 3
 
(       LG(ω3)  )	 * [3, 9
6, 184, 19, 21, 27]

    	( 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
 LG(ω4)
    /      
  6 
p > 3  VG(ω4) = LG(ω4)     p = 3
     !"#!"
$% &    	( 	    F4
 F4(a1)
 F4(a2)

	 F4(a3)   LG(ω4)  )	 * [1, 9, 15]
 [7, 9
2]
 [1, 3, 62, 9]
 	
[12, 33, 53] ' 0    ' 	( 	     
(     F4
   	 E6
 E7  E8
 G    ' E6
 E7  E8 	  λ = ωi % m = mu(ωi)   ( 
  u ∈ G
 	 d = dimL(ωi)    6 	    
3*  34 
        m 	    	  d
 
    9
5'    
  *       G   L(ωi) 
 	( 	     d > (m+2)
2
4  5'  (    
  9
  ﬁ	  d > (m+2)
2
4 -  (G,ωi)  (E6, ω1)
 (E6, ω2)

(E6, ω6)
 (E7, ω1)
 (E7, ω7)  (E8, ω8) %    (  	 8	 
 '     
     (  	 (E6, ω2)
 (E7, ω1)

(E7, ω7) 	 (E8, ω8) 0 -    G = E6
 p = 3
 λ = ω2
  
    /           

    	
λ E6 E7 E8
ω1 d = 27 m = 16 d = 133 m = 34 d = 3875 m = 92
ω2 d ≥ 77 m = 22 d ≥ 856 m = 49 d > 100000 m = 136
ω3 d = 352 m = 30 d ≥ 8512 m = 66 d > 100000 m = 182
ω4 d ≥ 2771 m = 42 d > 100000 m = 96 d > 100000 m = 270
ω5 d = 352 m = 30 d ≥ 25896 m = 75 d > 100000 m = 220
ω6 d = 27 m = 16 d ≥ 1538 m = 52 d > 100000 m = 168
ω7 d = 56 m = 27 d ≥ 30132 m = 114
ω8 d = 248 m = 58
	 
 	  m = mu(ωi)  d = dimLG(ωi)  u  	 	
			  G = En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  LG(ω2)  ( ) *	
[1, 93, 152, 19] [5, 98]  [1, 33, 64, 7, 94] 		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	 p = 3
  	

 
 	 	 p p = 2
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  An 
Dn	
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	 u  
LG(λ) 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
 	 	 p p = 2  
G λ 	
 
	  u mu(λ)
An ω1 	 n
An, n ≥ 2 ω1 + ωn 	 2n
A1 	 0 ≤ c ≤ p− 1 	 c
A5 ω3 	 9
Bn ω1 	
B3 ω1 + ω3 	 12
B3 2ω3 	 12
B3 3ω1 	 18
Bn, n ≥ 3 2ω1 	 4n
Bn, n ≥ 3 ω2 	 4n− 2
Bn, 3 ≤ n ≤ 8 ωn 	 n(n+1)2
Cn ω1 	
C2 bω1  1 ≤ b ≤ 5 	 3b
C2 bω2  1 ≤ b ≤ 5 	 4b
C2 ω1 + ω2 	 7
C2 ω1 + 2ω2 	 11
C2 2ω1 + ω2 	 10
C3 3ω1 	 15
C3 ω3 	 9
C4 ω3 	 15
C5 ω3 	 21
C4 ω4 	 16
C5 ω5 	 25
Cn, n ≥ 3 2ω1 	 4n− 2
Cn, n ≥ 3 ω2 	 4n− 4
Dn ω1 	
D6 ω6 	 15
D6 ω6 [9, 3] 11
D8 ω8 	 28
Dn, n ≥ 4  2ω1 	 4n− 4
Dn, n ≥ 4  ω2 	 4n− 6
	   G  
	
	 
    	
G λ 	
 
  u mu(λ)
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p = 23 [1, 7, 9, 132, 15, 17, 19, 232]
p ≥ 29 [1, 7, 9, 132, 15, 17, 19, 21, 25]
	 ",: %
   	 
	
 u ∈ G  LG(6ω2)  G = C2
  	
  	 G = Dn  λ = bωn  λ = bωn−1
 	 b ≥ 2
  u   V   	  
 	 n = 4  b = 2
  ! 	7
   
	 	  
	    " 	 ,-
  	   G = G2  λ = bω1 	 b ≥ 4
 	 u     V
  	  
    	
   	 
   
 


 LG(ω1) 
  


G < B3	   
 
 LB3(bω1) ↓ G ∼= V  
	  
  	 III1 !
 "

 

 G2 !  
"  "
 
 

 # B3 

    $	

 !  #   # 
  % &
  	
  G = G2 	 λ = bω2 
 b ≥ 3  u 	    V
  		  
  '

 r = 10b  
 $%
"
  u !  V   "
 "
 
 

 (
 ﬁ
   *  
 
"  # +
!*  +, 	 
 
 dimV ≥ 148 "

" " - #   
 # 
     p > 23	  


dimV > (p+1)
2
4 
.
 ﬁ b = 3 -  !
 p > 23  +,     dimV =
273 > 256 = (r+2)
2
4 	 !   !!  
    

#
 b ≥ 4
( 
 
 r− 8  ﬀ
  λ− 24	 λ− 123	 λ− 132  μ = λ− 1222
(
  μ !!"  "  ! 2  VG(λ)  
   0"

	 
 !

#    
 λ  μ′  μ 
 "  ! 1  VG(λ) 

  
  
" # LG(μ) 
  !!"   ! #! # VG(λ)	  #   #

   μ !!"  "  ! 2  V 	 !! 
  %&

'
!
 LG(μ) " !!"   ! #! # VG(λ) 1 2
    
  	   
  p 
 3b+2 ( b ≤ p−1	  3b+2 = p
 3b+ 2 = 2p " r = 10b = 10p−203  r =
20p−20
3 	 !   !! 

  % %
  	  G = F4 	 λ = bωi 
 b ≥ 2  u 	    V
  		  
  "
  u !  V ↓ A   "
 "
 
 

 3 

 
"  
	 
!    
  % $ 
 
 αi   
 
	 
 
 
 r − 2 # A  "  ! 1 -# b ≥ 3	 
   
 # #
 	 
 	 
 

  
 
 r−8 # V ↓ A !!"  "  !
  
 5	 !! 
  %& 
.
 
 
 !
 

 b = 2 -# λ = 2ω1	 
 r = 44  
 $%
1 +, 	 
 
 dimV ≥ 755 > 529 = (r+2)24 	 !   !! 

    0   # λ = 2ω4	 
 r = 32  
 $% 3  +, 	

 
 dimV ≥ 298 > 289 = (r+2)24 	 !    !!  

  
  	  G = E6 G = E7  G = E8 	 λ = bωi 
 b ≥ 2  u
	    V   		  
  "
  u !  V ↓ A   "
 "
 
 

 4
!  
  
  % $ 
 
 αi   
 
	   
 
 r − 2 #
A  "  ! 1
.
 ﬁ 
 !
 

 i = 1 -# b = 2	 
  
 $% 
 

r = 32	 r = 68  r = 184 
 G = E6	 G = E7	  G = E8 

!5

  0"

	  #   # +,   dimV = 351	 dimV ≥ 7370	 
dimV > 100000 

!
  -  !
	 
 

  dimV > (r+2)
2
4 	 !  
  	

 
 	 	 p p = 2  
	
  	     b ≥ 3    r− 8  V ↓ A  	ﬀ


 λ− 1232 λ− 1234 λ− 1234 	
 λ− 1345 	
 	   
     	 i > 1  i = 2    r−8  	ﬀ

  λ−2242
λ− 2243 λ− 2245 λ− 2431 	
 λ− 2435  		 	
 	  

 αi     !	 
   "# 
		  G 	 λ = bωn
 G = En    	  b = 2   	 $%  	 r = 32
r = 54 	
 r = 118  G = E6 G = E7 	
 G = E8 &! ' 
 !!  ()* + 	 dimV = 351 dimV = 1463 	
 dimV > 100000
&! , 	!   &   	 dimV > (r+2)
2
4    	 -
	
  	   
. b ≥ 3   	   r − 12 	  !&! 	 !	 7 
	ﬀ

  λ − n3(n − 1)3 λ − n3(n − 1)2(n − 2) λ − n3(n − 1)(n − 2)(n − 3)
λ−n2(n−1)2(n−2)2 λ−n2(n−1)2(n−2)(n−3) λ−n2(n−1)(n−2)(n−3)(n−4)
	
 λ− n(n− 1)(n− 2)(n− 3)(n− 4)(n− 5)   	 	
  	
  
/   	0  !	 	 	
   &  1&   
    	 
 2 && 	 λ = bωi  b ≥ 2 ,  	 	
 !	  & ! u ∈ G 	  V = LG(λ) 	 	 
 
  &
!  !!  	   $  	 αi  	 
 
  
G = An   !	  1&    !!  	  3
 G = Bn  n ≥ 3   !!  	    	
 	  $*
	 λ = 2ω1 λ = 3ω1  n = 3 	
 λ = 2ω3 '    	 
!	  1&    !!  1& %%   1&
  	
 	!  &! .  
&   	!  
& 
  4,54, 2 $
 G = B2 = C2   !!  	  $$ 	
 	  $
	 λ = bωi  b ≤ 5 ' b ≤ 3  !	  1&    !! 
1& %      i = 1 b = 2 1& %%    i = 2
b = 2 	
 1&    b = 3 ' b = 4 	
 b = 5  !	 
1&    !!  	! 6  	 & 
  4,54,
2 $
 G = Cn  n ≥ 3   !!  	    	
 	  $ 
	 λ = 2ω1  λ = 3ω1 '  	  !	  1&    !!
 1& %     	
 1&   &!
 G = Dn  n ≥ 4   !!  	    	
 	  $3
	 λ = 2ω1 λ = 3ω1  n = 4 	
 λ ∈ {2ω3, 2ω4} '  	  !	 
1&    !!  1& %   1&   	

1& $ *$  &!
 G = G2   !!  	  $ 	
 	  $6 	
λ ∈ {2ω1, 3ω1, 2ω2}   	  !	  	 7   	! % 
	 & 
  4,54, 2 $
'	!!  G = F4 G = E6 G = E7 	
 G = E8  	 	 	
 
	  $%  	  $
    	
p LG(2ω3) ↓ K[u]
p = 3 [1, 7, 93]
p = 5 [1, 5, 7, 9, 13]
p = 7 [75]
p = 11 [1, 5, 7, 112]
p ≥ 13 [1, 5, 7, 9, 13]
 	
	      u ∈ G  LG(2ω3)  G = B3

λ p LG(λ) ↓ K[u]
4ω1 p = 5 [5
7]
p = 7 [75]
p = 11 [1, 5, 7, 112]
p ≥ 13 [1, 5, 7, 9, 13]
5ω1 p = 7 [7
8]
p = 11 [4, 8, 114]
p = 13 [4, 6, 8, 12, 132]
p ≥ 17 [4, 6, 8, 10, 12, 16]
4ω2 p = 5 [5
11]
p = 7 [5, 77]
p = 11 [115]
p = 13 [5, 11, 133]
p ≥ 17 [5, 9, 11, 13, 17]
5ω2 p = 7 [7
13]
p = 11 [3, 5, 9, 114]
p = 13 [137]
p = 17 [5, 9, 11, 15, 173]
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β27 = (1, 1, 1, 1, 1, 1)
β28 = (0, 1, 1, 2, 1, 1)
β29 = (1, 1, 2, 2, 1, 0)
β30 = (1, 1, 1, 2, 1, 1)
β31 = (0, 1, 1, 2, 2, 1)
β32 = (1, 1, 2, 2, 1, 1)
β33 = (1, 1, 1, 2, 2, 1)
β34 = (1, 1, 2, 2, 2, 1)
β35 = (1, 1, 2, 3, 2, 1)
β36 = (1, 2, 2, 3, 2, 1)
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β1 = (1, 0, 0, 0, 0, 0, 0)
β2 = (0, 1, 0, 0, 0, 0, 0)
β3 = (0, 0, 1, 0, 0, 0, 0)
β4 = (0, 0, 0, 1, 0, 0, 0)
β5 = (0, 0, 0, 0, 1, 0, 0)
β6 = (0, 0, 0, 0, 0, 1, 0)
β7 = (0, 0, 0, 0, 0, 0, 1)
β8 = (1, 0, 1, 0, 0, 0, 0)
β9 = (0, 1, 0, 1, 0, 0, 0)
β10 = (0, 0, 1, 1, 0, 0, 0)
β11 = (0, 0, 0, 1, 1, 0, 0)
β12 = (0, 0, 0, 0, 1, 1, 0)
β13 = (0, 0, 0, 0, 0, 1, 1)
β14 = (1, 0, 1, 1, 0, 0, 0)
β15 = (0, 1, 1, 1, 0, 0, 0)
β16 = (0, 1, 0, 1, 1, 0, 0)
β17 = (0, 0, 1, 1, 1, 0, 0)
β18 = (0, 0, 0, 1, 1, 1, 0)
β19 = (0, 0, 0, 0, 1, 1, 1)
β20 = (1, 1, 1, 1, 0, 0, 0)
β21 = (1, 0, 1, 1, 1, 0, 0)
β22 = (0, 1, 1, 1, 1, 0, 0)
β23 = (0, 1, 0, 1, 1, 1, 0)
β24 = (0, 0, 1, 1, 1, 1, 0)
β25 = (0, 0, 0, 1, 1, 1, 1)
β26 = (1, 1, 1, 1, 1, 0, 0)
β27 = (1, 0, 1, 1, 1, 1, 0)
β28 = (0, 1, 1, 2, 1, 0, 0)
β29 = (0, 1, 1, 1, 1, 1, 0)
β30 = (0, 1, 0, 1, 1, 1, 1)
β31 = (0, 0, 1, 1, 1, 1, 1)
β32 = (1, 1, 1, 2, 1, 0, 0)
β33 = (1, 1, 1, 1, 1, 1, 0)
β34 = (1, 0, 1, 1, 1, 1, 1)
β35 = (0, 1, 1, 2, 1, 1, 0)
β36 = (0, 1, 1, 1, 1, 1, 1)
β37 = (1, 1, 2, 2, 1, 0, 0)
β38 = (1, 1, 1, 2, 1, 1, 0)
β39 = (1, 1, 1, 1, 1, 1, 1)
β40 = (0, 1, 1, 2, 2, 1, 0)
β41 = (0, 1, 1, 2, 1, 1, 1)
β42 = (1, 1, 2, 2, 1, 1, 0)
β43 = (1, 1, 1, 2, 2, 1, 0)
β44 = (1, 1, 1, 2, 1, 1, 1)
β45 = (0, 1, 1, 2, 2, 1, 1)
β46 = (1, 1, 2, 2, 2, 1, 0)
β47 = (1, 1, 2, 2, 1, 1, 1)
β48 = (1, 1, 1, 2, 2, 1, 1)
β49 = (0, 1, 1, 2, 2, 2, 1)
β50 = (1, 1, 2, 3, 2, 1, 0)
β51 = (1, 1, 2, 2, 2, 1, 1)
β52 = (1, 1, 1, 2, 2, 2, 1)
β53 = (1, 2, 2, 3, 2, 1, 0)
β54 = (1, 1, 2, 3, 2, 1, 1)
β55 = (1, 1, 2, 2, 2, 2, 1)
β56 = (1, 2, 2, 3, 2, 1, 1)
β57 = (1, 1, 2, 3, 2, 2, 1)
β58 = (1, 2, 2, 3, 2, 2, 1)
β59 = (1, 1, 2, 3, 3, 2, 1)
β60 = (1, 2, 2, 3, 3, 2, 1)
β61 = (1, 2, 2, 4, 3, 2, 1)
β62 = (1, 2, 3, 4, 3, 2, 1)
β63 = (2, 2, 3, 4, 3, 2, 1)
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β1 = (1, 0, 0, 0, 0, 0, 0, 0)
β2 = (0, 1, 0, 0, 0, 0, 0, 0)
β3 = (0, 0, 1, 0, 0, 0, 0, 0)
β4 = (0, 0, 0, 1, 0, 0, 0, 0)
β5 = (0, 0, 0, 0, 1, 0, 0, 0)
β6 = (0, 0, 0, 0, 0, 1, 0, 0)
β7 = (0, 0, 0, 0, 0, 0, 1, 0)
β8 = (0, 0, 0, 0, 0, 0, 0, 1)
β9 = (1, 0, 1, 0, 0, 0, 0, 0)
β10 = (0, 1, 0, 1, 0, 0, 0, 0)
β11 = (0, 0, 1, 1, 0, 0, 0, 0)
β12 = (0, 0, 0, 1, 1, 0, 0, 0)
β13 = (0, 0, 0, 0, 1, 1, 0, 0)
β14 = (0, 0, 0, 0, 0, 1, 1, 0)
β15 = (0, 0, 0, 0, 0, 0, 1, 1)
β16 = (1, 0, 1, 1, 0, 0, 0, 0)
β17 = (0, 1, 1, 1, 0, 0, 0, 0)
β18 = (0, 1, 0, 1, 1, 0, 0, 0)
β19 = (0, 0, 1, 1, 1, 0, 0, 0)
β20 = (0, 0, 0, 1, 1, 1, 0, 0)
β21 = (0, 0, 0, 0, 1, 1, 1, 0)
β22 = (0, 0, 0, 0, 0, 1, 1, 1)
β23 = (1, 1, 1, 1, 0, 0, 0, 0)
β24 = (1, 0, 1, 1, 1, 0, 0, 0)
β25 = (0, 1, 1, 1, 1, 0, 0, 0)
β26 = (0, 1, 0, 1, 1, 1, 0, 0)
β27 = (0, 0, 1, 1, 1, 1, 0, 0)
β28 = (0, 0, 0, 1, 1, 1, 1, 0)
β29 = (0, 0, 0, 0, 1, 1, 1, 1)
β30 = (1, 1, 1, 1, 1, 0, 0, 0)
β31 = (1, 0, 1, 1, 1, 1, 0, 0)
β32 = (0, 1, 1, 2, 1, 0, 0, 0)
β33 = (0, 1, 1, 1, 1, 1, 0, 0)
β34 = (0, 1, 0, 1, 1, 1, 1, 0)
β35 = (0, 0, 1, 1, 1, 1, 1, 0)
β36 = (0, 0, 0, 1, 1, 1, 1, 1)
β37 = (1, 1, 1, 2, 1, 0, 0, 0)
β38 = (1, 1, 1, 1, 1, 1, 0, 0)
β39 = (1, 0, 1, 1, 1, 1, 1, 0)
β40 = (0, 1, 1, 2, 1, 1, 0, 0)
β41 = (0, 1, 1, 1, 1, 1, 1, 0)
β42 = (0, 1, 0, 1, 1, 1, 1, 1)
β43 = (0, 0, 1, 1, 1, 1, 1, 1)
β44 = (1, 1, 2, 2, 1, 0, 0, 0)
β45 = (1, 1, 1, 2, 1, 1, 0, 0)
β46 = (1, 1, 1, 1, 1, 1, 1, 0)
β47 = (1, 0, 1, 1, 1, 1, 1, 1)
β48 = (0, 1, 1, 2, 2, 1, 0, 0)
β49 = (0, 1, 1, 2, 1, 1, 1, 0)
β50 = (0, 1, 1, 1, 1, 1, 1, 1)
β51 = (1, 1, 2, 2, 1, 1, 0, 0)
β52 = (1, 1, 1, 2, 2, 1, 0, 0)
β53 = (1, 1, 1, 2, 1, 1, 1, 0)
β54 = (1, 1, 1, 1, 1, 1, 1, 1)
β55 = (0, 1, 1, 2, 2, 1, 1, 0)
β56 = (0, 1, 1, 2, 1, 1, 1, 1)
β57 = (1, 1, 2, 2, 2, 1, 0, 0)
β58 = (1, 1, 2, 2, 1, 1, 1, 0)
β59 = (1, 1, 1, 2, 2, 1, 1, 0)
β60 = (1, 1, 1, 2, 1, 1, 1, 1)
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β61 = (0, 1, 1, 2, 2, 2, 1, 0)
β62 = (0, 1, 1, 2, 2, 1, 1, 1)
β63 = (1, 1, 2, 3, 2, 1, 0, 0)
β64 = (1, 1, 2, 2, 2, 1, 1, 0)
β65 = (1, 1, 2, 2, 1, 1, 1, 1)
β66 = (1, 1, 1, 2, 2, 2, 1, 0)
β67 = (1, 1, 1, 2, 2, 1, 1, 1)
β68 = (0, 1, 1, 2, 2, 2, 1, 1)
β69 = (1, 2, 2, 3, 2, 1, 0, 0)
β70 = (1, 1, 2, 3, 2, 1, 1, 0)
β71 = (1, 1, 2, 2, 2, 2, 1, 0)
β72 = (1, 1, 2, 2, 2, 1, 1, 1)
β73 = (1, 1, 1, 2, 2, 2, 1, 1)
β74 = (0, 1, 1, 2, 2, 2, 2, 1)
β75 = (1, 2, 2, 3, 2, 1, 1, 0)
β76 = (1, 1, 2, 3, 2, 2, 1, 0)
β77 = (1, 1, 2, 3, 2, 1, 1, 1)
β78 = (1, 1, 2, 2, 2, 2, 1, 1)
β79 = (1, 1, 1, 2, 2, 2, 2, 1)
β80 = (1, 2, 2, 3, 2, 2, 1, 0)
β81 = (1, 2, 2, 3, 2, 1, 1, 1)
β82 = (1, 1, 2, 3, 3, 2, 1, 0)
β83 = (1, 1, 2, 3, 2, 2, 1, 1)
β84 = (1, 1, 2, 2, 2, 2, 2, 1)
β85 = (1, 2, 2, 3, 3, 2, 1, 0)
β86 = (1, 2, 2, 3, 2, 2, 1, 1)
β87 = (1, 1, 2, 3, 3, 2, 1, 1)
β88 = (1, 1, 2, 3, 2, 2, 2, 1)
β89 = (1, 2, 2, 4, 3, 2, 1, 0)
β90 = (1, 2, 2, 3, 3, 2, 1, 1)
β91 = (1, 2, 2, 3, 2, 2, 2, 1)
β92 = (1, 1, 2, 3, 3, 2, 2, 1)
β93 = (1, 2, 3, 4, 3, 2, 1, 0)
β94 = (1, 2, 2, 4, 3, 2, 1, 1)
β95 = (1, 2, 2, 3, 3, 2, 2, 1)
β96 = (1, 1, 2, 3, 3, 3, 2, 1)
β97 = (2, 2, 3, 4, 3, 2, 1, 0)
β98 = (1, 2, 3, 4, 3, 2, 1, 1)
β99 = (1, 2, 2, 4, 3, 2, 2, 1)
β100 = (1, 2, 2, 3, 3, 3, 2, 1)
β101 = (2, 2, 3, 4, 3, 2, 1, 1)
β102 = (1, 2, 3, 4, 3, 2, 2, 1)
β103 = (1, 2, 2, 4, 3, 3, 2, 1)
β104 = (2, 2, 3, 4, 3, 2, 2, 1)
β105 = (1, 2, 3, 4, 3, 3, 2, 1)
β106 = (1, 2, 2, 4, 4, 3, 2, 1)
β107 = (2, 2, 3, 4, 3, 3, 2, 1)
β108 = (1, 2, 3, 4, 4, 3, 2, 1)
β109 = (2, 2, 3, 4, 4, 3, 2, 1)
β110 = (1, 2, 3, 5, 4, 3, 2, 1)
β111 = (2, 2, 3, 5, 4, 3, 2, 1)
β112 = (1, 3, 3, 5, 4, 3, 2, 1)
β113 = (2, 3, 3, 5, 4, 3, 2, 1)
β114 = (2, 2, 4, 5, 4, 3, 2, 1)
β115 = (2, 3, 4, 5, 4, 3, 2, 1)
β116 = (2, 3, 4, 6, 4, 3, 2, 1)
β117 = (2, 3, 4, 6, 5, 3, 2, 1)
β118 = (2, 3, 4, 6, 5, 4, 2, 1)
β119 = (2, 3, 4, 6, 5, 4, 3, 1)
β120 = (2, 3, 4, 6, 5, 4, 3, 2)
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